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Abstract

In this paper, we provide a simple approach to identify and estimate group structure in panel
models by adapting the M-estimation method. We consider both linear and nonlinear panel models
where the regression coefficients are heterogeneous across groups but homogeneous within a group
and the group membership is unknown to researchers. The main result of the paper is that
under certain assumptions, our approach is able to provide uniformly consistent group parameter
estimator as long as the number of groups used in estimation is not smaller than the true number
of groups. We also show that, with probability approaching one, our method can partition some
true groups into further subgroups, but cannot mix individuals from different groups. When the
true number of groups is used in estimation, all the individuals can be categorized correctly
with probability approaching one, and we establish the limiting distribution for the estimates
of the group parameters. In addition, we provide an information criterion to choose the number
of group and established its consistency under some mild conditions. Monte Carlo simulations
are conducted to examine the finite sample performance of our proposed method. Findings in the
simulation confirm our theoretical results in the paper. Application to labor force participation also
highlights the necessity to take into account of individual heterogeneity and group heterogeneity.
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1. Introduction

Panel data models are widely used in empirical research of both economics and finance. An impor-
tant feature to use panel data is that it allows researchers to control individual-level heterogeneity.
Unfortunately, most of these heterogeneity, however, is unobservable, e.g., willingness to pay for
education, impact of economic policy, personal innate ability, etc. In practice, there are two op-
posite approaches to deal with this individual level heterogeneity. The first one is to completely
ignore the heterogeneity among individuals by assuming common parameters across individuals,
see, e.g., Lancaster (2002), Hahn and Newey (2004), Arellano and Bonhomme (2009). Indeed, this
approach reduces the model complexity and facilitates statistical inference. However, this common
parameters assumption might be too strong in practice and may lead to model misspecification:
see, e.g., Hsiao (2014). Moreover, this assumption has also been found to be too restrictive in many
empirical studies, see, for example, Hsiao and Tahmiscioglu (1997) and Lee et al. (1997), among
others. The other approach is to allow cross-sectional slope heterogeneity, e.g., Hsiao and Pesaran
(2008), Baltagi et al. (2008). This assumption helps avoid misspecification problem; however, it
may lose latent connections between individuals and efficiency of estimation. To be more specific,
if part of the individuals share a common parameter, it sacrifices this essential connection and
leads to estimators with larger variance.

To allow such a possibility that part of the individuals shares a common parameter, a mild and
reasonable assumption is to impose group structure in panels. Group structure in panels refers to
the regression parameters that are the same within each group but differ across groups.! Recently,
group structure in panels has received lots of attention in the literature both empirically and
theoretically. To name a few, for linear model, Lin and Ng (2012) consider liner panel model with
group structure on both intercept and slope. When there are only two groups and one regressor,
they propose a threshold based estimation method to identify the latent group structure and
show that the estimator is consistent. Under the same setup of Lin and Ng (2012), Sarafidis
and Weber (2015) propose a modified k-means algorithm to determine the number of clusters
and estimate parameters. Bonhomme and Manresa (2015) consider the linear panel data models
with a latent group structure on the time-varying individual-specific effects and propose a group
fixed effects estimator. The work of Bonhomme and Manresa (2015) has been extended to models
with interactive fixed effects and nonlinear panel models by Ando and Bai (2016) and Bester and
Hansen (2016), respectively. More recently, Su et al. (2016) propose a classifier Lasso (C-Lasso)
penalized procedure to identify and estimate panels with group structure.

Following the work of Lin and Ng (2012) and Su et al. (2016), this paper proposes a simple
and straightforward method to identify and estimate panels with group structure when the true

number of groups and the membership are both unknown. The method we proposed can be

I There is another type of group pattern in the literature, Bonhomme and Manresa (2015) and Bester and Hansen

(2016) consider the case when the individual-specific effects exhibit certain group pattern.
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applied to both linear and nonlinear panels. Besides the simplicity, the proposed method has
several advantages as follows.

First, the major theoretical contribution of this paper is that we show, under certain assump-
tions, the consistency of our proposed estimation is independent of the number of groups used
as long as this number is not underestimated. The important practical implication of this result
is that for estimation of the regression coefficients, one does not necessarily need to estimate the
number of groups correctly as long as this number is not underestimated. The implication of this
result is that a safe way in estimating the panel model with an unknown group structure is to
set a slight large number of groups. This is of crucial importance to researchers since generally
speaking, the number of groups in the data is usually unknown. We also show that, with prob-
ability approaching one, our method can partition some true group into further subgroups, but
cannot misclassify individuals from different groups into the same group. When the true number
of groups is used in estimation, all the individuals can be categorized correctly with probability
approaching one.

Second, once the group membership is correctly identified and estimated, our proposed estima-
tion performs similarly to the estimation based on true (or oracle) group membership. This oracle
property allows one to combine exsiting estimation and inference technique with our method, for
instance, for the classified group units, one can adapt the jackknife method in Hahn and Newey
(2004) or Dhaene and Jochmans (2015) to reduce the bias for fixed effects estimation in both
linear and nonlinear panels.

Finally, unlike the C-Lasso approach proposed by Su et al. (2016), which relies on the choice
of tuning parameter, our approach is penalty free if the number of group is specified as a prior,
which is a significant advantage for empirical application. It is well known in the literature that
Lasso type methods are able to consistently select variables. However, the consistency of variable
selection highly depends on the right choice of the tuning parameter (e.g., Chand (2012) and Kirk-
land et al. (2015)). Therefore, in empirical applications, the estimation results may be sensitive
to the choice of tuning parameters, and how to choose the optimal tuning parameter in C-Lasso
is still an open question. Consequently, it would be convenient to have a penalty free approach to
identify the group structure in panels, and our proposed method serves this purpose.

The rest of the paper is organized as follows. In Section 2, we first introduce fixed effects
model with unknown group structure, and then propose an estimation and classification proce-
dure. Asymptotic properties of our estimator are established in Section 3. Section 4 carries out a
set of Monte Carlo simulations to investigate the finite sample performance of our method. An
application to labor force participation is provided in Section 5. Conclusion is made in Section 6.
All mathematical derivation of main theorems and lemmas are provided in the appendix.

Notation: For any squared matrix A, let Apin(A), Amax(A4) be the smallest and largest eigen-
values of A. ||Al|2 denotes the Frobenius norm as ||Al|z = \/tr(AA’). For any positive integer k,
define [k] € [N] :={1,2,...,k}. L, and 25 denote convergence in probability and in distribution,
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respectively. Finally, (N,T) — oo denotes N and T' go to infinity jointly.

2. Panel Data Model with Misspecified Groups

Let Y;; be a real-valued observation and X;; € RP be a real vector of observed covariates, both
collected on the ith individual at time ¢ for i € [N] := {1,2,..., N}, t € [T] := {1,2,...,T}.
Assume that the N individuals are actually belonging to GY underlying groups where G° is
unknown. In particular, GY = 1 corresponds to the traditional fixed effect model without group
structure (see Hahn and Newey (2004)). To identify group structure, a common practice is to
predetermine the number of groups, denoted G, and classify the N individuals into G groups.
In practice, correctly specifying G, i.e., G = Gy, is difficult due to the unobservability of group
pattern. A more realistic way is to pick G relatively large so that G > G°. Obviously, such
misspecification brings more challenges into both theoretical study and practical applications. In
this paper, we propose a method for identifying group patterns under this misspecification and
investigate its asymptotic property.

For individual 4, let g; € [G] := {1,2,...,G} denote the group membership variable, 3, € K C
R? denote the unobservable group-specific parameter, and «; € A C R denote the unobservable
individual-specific parameter, where both K and A are compact subsets. If individuals ¢, 7 belong
to the same group, then 8, = f,,, i.e., they share a common group parameter, but o; and «; might
still be different due to individual-level heterogeneity. Let 3 = (81, f2,...,8q) € K& denote the
tuple of G group-specific parameters, & = (o, a2, ..., an) € AV denote the N-vector of individual
parameters, and vy = (g1, 92, ...,9n) € 'y denote the N-vector of group membership variables,
where I'y = [G]" is the class of all possible group assignments. Our aim is to estimate the triplet

On = (B, a,yn) which can be performed through the following M-estimation:

N T
Oy = QN:?Eg?s;@N ﬁ ; ;w(Xu, Yit, Bg,» i), (2.1)
where O = K& x AN x I'y denotes the entire parameter space, ¥(X;, Y, Bg;> ;) denotes the
logarithm of the pseudo likelihood function of Y;; given X;; under parameters 3, , ;.

Unlike the C-Lasso approach proposed by Su et al. (2016), our M-estimation procedure (2.1)
requires optimizing the objective function over the pre-regularized parameter space © 5 where the
parameters 3y, therein naturally incorporate group constraint. This important feature avoids the
delicate choice of penalty parameters as required by penalization-based methods. Various choices

of the function ¢ will be provided in the following Examples 1, 2 and 3.
Example 1. Linear panel model: Y;; = ﬁ;iXit +oa;+ €, 1 <i < N,1<t<T, where ¢;’s
represent the idiosyncratic error. In this case, one chooses ¥ (x,y, 8, a) = —(y — Bz — a)?.

Example 2. Binary choice panel model: Y;; = 1(/8;%Xit +a; >€), 1l <i<N,q<t<T, where

€;¢’s represent the idiosyncratic error with common distribution function F', and 1(-) denotes the
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indicator. In this case, we choose ¥(z,y, 3,a) = ylog F(f'z + a) + (1 — y)log(1 — F(8'x + «)).

Example 3. Poisson panel model: Given X;; and under 3y, o;, Yj; follows Poisson distribution
with mean exp(ﬁéi Xit+a;). In this case, we can choose ¥ (x, y, 3, &) as the Poisson density function

with mean exp(f'z + «).

Due to the complex structure of the parameter space Oy, it is challenging to directly solve
(2.1). Instead, we introduce an efficient iterative algorithm. Before that, let us introduce some

notation to simplify writing. Define

T
Hz(ﬁ,Oé) = E(¢(Xilayi17/37a))7 -ﬁl(/87a) = %Zlb(Xitintaﬁ,Of),
1Y t:l ~ 1 X
Un(On) = UNn(Baw) = > Hi(Bg, i), Un(On) = Un(B, ) = N > Hi(Bg,, i)
i—1 i—1

Here H; is the expected objective function for individual ¢, ¥ x5 (6 ) is the expected pooled objective
function taking into account the group variables, lffZ and U ~(0n) are their respective sample

versions. Under these notation, (2.1) can be rewritten as

N
N 1 .
fn = argmax — H;(By;, cu). 2.2
s 3 () (2:2)

We propose the following iterative algorithm to solve (2.2):

(a) Choose initial estimators (8, a(®).

or each ¢ € , in the sth iteration , find g = arg max Ai ¥ a;”). Then set vy~ =
b) For each i € [N], in the sth find g™ =B, 0lY). Th {o+1)

i s€(6) Z
(g§s+1), e ,g](\}gﬂ)) and compute (81, a(tD) =  argmax Uy (8, q, 7](5“)).
o (B,2)€KE x AN o

(c) Repeat (b) until the solution converges.
The following simple procedure is recommended to choose the initial estimators. For each

i € [N], let @ML’S and a@M’s be the pseudo maximum likelihood estimators of 89’s and a’s based

on { X, Y}, ie., (@V[L,@%V[L) = argmaxf]i(ﬁ, «). Firstly, we choose o9 = (ay,as,...,ay).
BeEK aeA

Next, one applies the standard k-means algorithm with £ = G to B\ZML’

centers, say, (ﬂ%o), . ,Bg))). Finally, let ﬁ(o) = (ﬁ%o), ... ,Bg))) to be initial estimators for iteration.

In Monte Carlo simulations, we find this initial estimator works well and leads to a very fast

s to get G clustering

convergence.

3. Asymptotic theory

In this section, we prove several asymptotic results such as estimation consistency (Theorems 1

and 2) and classification consistency (Theorem 3). It is worthful to point out that such results even
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hold under a misspecified G with G > GY. As a byproduct, we provide a consistent procedure to
determine the number of groups. Moreover, asymptotic normality for the estimators is established
with a correctly specified G. Throughout this section, let 09\, = (,Bo,go,v?v) denote the true

parameters under which the observations X;,Y;; are generated, where ﬁo = (8),89,..., 52;0),

QO = (04(1);0487- . '7a?\/')7 and 7?\/' = (997987 s 7910\[)

3.1. Estimation Consistency

The main result of this section is to show that the proposed M-estimation is consistent. Before
stating our main theorems, let us introduce some technical conditions. To start, for each g € [GY],

we define Ny = Zf\il I(g? = g), i.e., the true number of individuals from group g.

Assumption Al. (a) {Xu,Yu}l, are mutually independent across i € [N].

(b) For each i € [N], {Xu,Yi : t € [T]} is stationary and a-mizing with mizing coefficients
(). Moreover, a(t) = maxj<;<n o;(7) satisfies a(t) < exp(—Cor™), where Co > 0 and
bo > 0 are constants.

(c) For each i > 1, H;(f, ) is uniquely maximized at (Bg?,a?) and, for any € > 0,

€) := inf inf H; (8%, aY) — Hy(3,a)] > 0.
X() i21||5—520||§+|a—0¢?|226 z(ﬁg? z) z(ﬁ )]

() do = infzzg 1 — B2l > 0. V
(e) There is a non-negative function Q(z,y) such that for all (B,a), (B,a) € K x A,

|¢($7y757a) - ¢($7y767d)| < Q(%?J)(Hﬁ - BH% + |O[ - d’2)1/27

and |Y(x,y, B, a)| < Q(x,y) for all (B,a) € K x A. Furthermore, there exist by € (0,00] and
B1 > 0 such that

sup P(Q(X;1,Yi1) > v) <exp (1 - (U/Bl)l)l), for all v > 0.
1€[N]

(f) For all g € [GY], there exists a positive constant my such that Ny/N — m, as (N,T) — oo.

Remark 1. Assumption Al.(a) assumes cross-sectional independence among the individuals
which is standard for panel data, e.g., Lee and Phillips (2015) and Su et al. (2016). Assump-
tion A1.(b) imposes weak dependence for the observations along the time dimension with the level
of dependence controlled by an exponential bound with parameter by. The stationarity assumption
can be relaxed at cost of introducing more notation. A similar a—mixing condition can be found
in Su et al. (2016) and Bonhomme and Manresa (2015). Assumption Al.(c) is an identification
condition, which can be verified case by case under certain mild conditions. The same condition
was also assumed by Hahn and Newey (2004) and Hahn and Moon (2010). Assumption Al.(d)
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says that the pairwise differences between the group parameters are bounded from below. This con-
dition is needed to guarantee the identification of the group parameters. Similar conditions were
also assumed by Bonhomme and Manresa (2015) and Su et al. (2016). Assumption Al.(e) states
that v is smooth satisfying certain exponential tail condition with decay rate of the tail probability
characterized by by. When 1 is a bounded function, then we can choose By = 2|1« and by = cc.
Similar tail condtions are also assumed by Bonhomme and Manresa (2015) for the error term.
Compared with other conditions such as moment conditions, the exponential tail condition can
lead to better convergence results and is still valid in commonly used models such as FExamples 1,
2 and 3. Assumption Al.(f) excludes the groups with zero proportion. This condition is standard
and necessary for panel models with finte number of groups, e.g., see Bonhomme and Manresa
(2015) and Su et al. (2016).

Let d = bob1/(bob1 + bo + b1). Since by and by characterize the weak dependence of the obser-
vations and decay rate of the tail probability, respectively, as discussed in Remark 1, d can be

viewed as a quantity jointly controlling both. A special case is b1 = oo, i.e., ¢ is bounded, where
we have d = by/(1 + bp) < 1.

Assumption A2. log N = O(Tﬁdd).

Remark 2. For theoretical consideration, compared to the standard assumption on the rate of N
and T in the literature where the ratio of T/N being a nonnzero constant(e.g., Hahn and Newey
(2004) among others), Assumption A2 is a relatively weak condition, since Assumption A2 allows
N to diverge exponentially faster than T, where the ratio of T/N goes to zero. Furthermore,
Assumption A2 is also quite reasonable in practice, since most microeconomic datasets are with

moderate large T and very large N.

In order to prove the consistency of gN, we introduce the following pseudo metric dy on ©y.

For any Oy = (8,2, 7). 0y = (8,8,7) € O, define
~ 1 X -
v, 3) = 5 3 (1680 = Bl + o - il ).
=1

Specifically, dy (fy,0y) measures the average discrepancy of (Bg;» 0i)’s and (Bfgvi, @;)’s. Theorem

1 below proves consistency for éN under this pseudo metric.

Theorem 1. Suppose G > G° and Assumptions A1 and A2 hold. Then dN(@\N,OS)V) P50 as
(N, T) — .

Theorem 1 establishes the consistency results for the parameter set y including the slope
coefficients and fixed effects. If the parameters of interest are slope coeflicients, then it is easy to
see that

N

1 2 P

NZ 1B, — g?H? — 0as (N,T) — oco.
=1
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In other words, the estimators of the group parameters are consistent only in an “average” sense,
and it is possible that a small proportion of B@.’s may still be inconsistent. In Theorem 2, we
can strengthen this result by showing that B@i ’s are uniformly consistent without any additional

assumption.

Theorem 2. Suppose G > G° and Assumptions A1 and A2 hold. Then SUP1<i<N HB@. —
/BS_OHQ i> 0 as (N,T) — oo.

Theorem 2 states that the estimators of all group parameters uniformly converge to the true
group parameters. Again, both Theorems 1 and 2 only require G > G°. If G < G, then the above
results will be invalid since in this scenario, individuals from different groups need to be classified

into the same group, and this will lead to inconsistency.

3.2. Detection of Group Structure among Individuals

Detection of group structure in panel data is a fundamentally important problem. The popular
C-LASSO approach recently proposed by Su et al. (2016) requires the use of penalty for effec-
tively classifying the individuals. In this section, we study our penalty-free grouping method and
investigate its asymptotic property. Our theory and method are valid under G > G°.

Recall that Yy = (g1, g2, - .-, gn) is the estimator of the group membership variables obtained
n (2.2). Our grouping method is simply based on g;’s as follows. For g € [G], define CAg ={ie
[N] : g; = g}, ie., CAg is the collection of the individuals belonging to the g-th estimated group.
Also define Cg = {i € [N]: ¢? = g} for g € [GY), i.e., Cg is the population analogy based on the
true group membership variables. It is important to provide the conditions under which such a
simple grouping method is valid, that is, for any g € [G], there exists a g € [G°] such that é\g - Cgo
with probability approaching one. Formal statement of this result is provided in Theorem 3. Such
property implies that the individuals are correctly grouped.

To prove this result, we need stronger assumptions on the smoothness of ¥. In order to deal with
partial derivatives of a multivariate function, we introduce the following multi-index notation.
Let k = (ki1,k2,...,kpt1) denote a multi-index, where k;’s are non-negative integers. For any
B € K CRP, denote 3 = (81, Bz - - - » Bp))» where By is the Ith coordinate of 3. Define the kth

order partial derivative of ¥ (x,y, 8, ) with respect to 3, «a as follows:

Oy (z,y, B, a)

Dklb(x 9757 ) k )
D kpt1
OBy - - - 0By 00k

where |k| = k1 + k2 + - - - + kp41. Also denote the Hessian of ¢ and H; (with respect to 3, a) by

) Yagba) PieySa) ) )
¢<x7yaﬁ7a) = < w{gﬁgﬁﬁ ) 82w(§,y%,a)> ) Hl(ﬂaa) = E(w(XithlaBy a))

Oa?
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We require the following conditions on the partial derivatives of i and Hessian of H;’s. Let
Bi={(B,a) e KxA:|p— /82?|’2 + o —af| < agp} fori > 1, and B = U;>18;.

Assumption A3. (a) There exist some function J(x,y), constant ag > 0 and integer gy > 4
such that for any k with |k| < 4 and (8,a) € B,
’Dk¢(x7y>57 Oé)| < J(I’,y), SupE‘]qo(Xila Yi ) < 0.
i>1
(b) The Hessian matrices {ﬁi(ﬁgg, aV), i > 1} are negative definite with the largest eigenvalues
uniformly bounded by zero, i.e., Sup;>; )\maX(HZ-(BS?, a?)) < 0.
Remark 3. Assumption AS3.(a) requires higher-order smoothness and finite qoth moment on the
objective function ¥ to guarantee correct classification. Similar assumption has been made by Hahn
and Newey (2004) and Su et al. (2016). Assumption A3.(b) requires the Hessian matrices of the
expected objective function to be uniformly negative definite. It can be compared to the conditions

on the Hessian matrices of the profiled objective function in Su et al. (2016).

Below is the main result of this section which provides the classification consistency of our

grouping method even under G > GV.

Theorem 3. Suppose G > G° and Assumptions A1-A3 hold. Then for each g € [G], there
exists a g € [G°] such that lim(y 7)o P (é\g - Cg) =1.

Remark 4. Theorem 3 demonstrates that the proposed grouping method is valid under misspecifi-
cation in the sense that, with probability approaching one, any grouped individuals asymptotically
belong to a population group. This implies that any population group is either identical to a se-
lected group or is partitioned into subgroups without any misclassification, which is possibly the
best result one can expect under G > GO. In the special case G = GY, Theorem 3 naturally leads to
classification consistency, i.e., upto a proper relabeling, with probability approaching one, CAg = CS
for any g € [G]. Classification consistency was also established by Su et al. (2016) when G = GO°.

Remark 5. Intuitively, Theorem 3 implies that under Assumptions A1-A3 and if G > G°, then
with probability approaching one: (i) individuals from the same group may be divided into different

subgroups; (ii) individuals from different groups can not be categorized into the same group.

Remark 6. The implication of Theorem 3 is that, since the true number of groups is unknown
in practice, it is safe to use a relative large number of groups to classify the data and to obtain
consistent estimation. Otherwise, if G < Gy, different from both Theorems 2 and 3, neither the

estimation nor the classification is consistent.

3.3. Determination of Number of Groups

Though our estimation and classification results are valid for misspecified G, it is still of interest

to estimate the number of groups. In this section, we propose an efficient approach based on
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penalization to address this problem and establish its theoretical validity. Let 5% be the estimator

in (2.2) using G as the number of groups. To estimate G°, we define a penalized criterion function
PC(G) = Un(05) — nnrG,

where nyT > 0 is a penalty parameter that is used to exclude the extremely large and unlikely

choice of G. We estimate G? based on following procedure:
G = argmax PC(G), (3.1)
Ge[Gmax]

where Gpax is a predetermined upper bound for G. The following theorem shows that G is

consistent, i.e., G = G with high probability.

d 1
Theorem 4. Suppose Assumptions Al and A3 hold. If log N = o(T20+d)), nnpT20+d — oo
and nyt — 0, then im(y )00 P((A; =GY%) =1.

d

Note that the rate condition log N = o(T'2(+d) ) in Theorem 4 is slightly stronger than Assump-
tion A2, though both conditions allow N to grow exponentially with 7. One can check by using
the fact d < 1 that the choice nyr < T —1/4 flfills the rate conditions in Theorem 4.

3.4. Asymptotic Normality

In this section, we study the asymptotic normality of E under G = G. For this, we introduce the

following “oracle” estimator E of 8 when the true group assignment 7?\, is known. Specifically, let

8= argmaxmaX—ZH B, 0, a;).
- IBEKGO OézeA

Of course, E is infeasible since 7% is practically unavailable. Interestingly, E and E are in fact

asymptotically equivalent as summarized in the following lemma.

Lemma 1. Suppose G = G° and Assumptions A1-A3 hold. Under appropriate relabeling, it
holds that limy 7)o (ﬁ 6) =1.

It can be seen from Lemma 1 that, to derive the asymptotic normality of E, it is sufficient to
derive the asymptotic normality of E . To achieve the latter, we make an additional Assumption

A4. Before that, let us introduce some notation. Define

0% 0%
_ -1 ) 30 0 ) - 0 0
pl_E (8aaa(X117}/;175g?7ai))E(aﬁaa(Xlla}/Zlvﬁggvai))a
| _ _ o | _
Uz(JU,y,ﬁ,Oé) = 65(1’7%5,@) pzﬁa(xuyaﬁya)y RZ(1:7y)Bva) - aa(xayaﬁ)a))
oU;
‘/i(:r7y7/67a) = 8B' (:ana B7 06)7 IZ - E(‘/Z(leayLl)/Bgiha?))
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The above notation are standard in the literature of nonlinear panel models, e.g., Hahn and
Newey (2004) and Arellano and Hahn (2007). To simplify writing, we introduce the following no-
tation: U® = 9U;/0a, UR® = 92U, /02, Uy = U; (th,Y;t,BOO, 9 and Ug = Ua(th,th,,B 0, a?).
We define R;, Rj; analogically. For each i > 1, let A; denote the asymptotic covariance matrix of

S Uit/VT as T — oo, which has an expression

Ai = E(UUy) +22E Ui 140):
=1

Convergence of the above series holds uniformly for ¢ due to Assumptions Al and A3.

Assumption A4. (a) There exists a constant 0 < Bs < 1 such that

B3 < inf )\min(Ai) S sup )\max<Ai) S 1/B3
121 i>1

Moreover, for each g € [G°], there exist positive definite matrices Dy and Wy such that

Jim 20: Ai/Ny = Dy and. lim 20: T;/Ny = W,
i:9; =9 i:9; =9

(b) For each g € [G°), there exists a vector A, € RP such that

(NlTwooN T gz {<%E1(Ra1t )(fz USZ;R”O} =2

Remark 7. Assumption AJ.(a) requires that the eigenvalues of the covariance matrices A; are

bounded away from zero and infinity. Assumption A4.(b) is a common condition for handling
asymptotic bias (see Hahn and Newey (2004) and Arellano and Hahn (2007) for similar condi-

tions).

As the main result of this section, Theorem 5 shows that the elements of E are asymptotically

normally distributed.

Theorem 5. Suppose G = G° and Assumptions A1, A3, Aj hold and N/T — K for some
k > 0. Then under appropriate relabeling, as (N, T) — oo, for each g € [G°],

~ ST — D A _
\/ﬁ(ﬁg—ﬁg)— N/TWg 1Ag—>N(Oa7Tg 1W9 1D9Wg 1)7
As a consequence, under appropriate relabeling, for each g € [GY],

VNT(By — B2) 25 N(\/wmy "W A g, m ' W DyW ),

Remark 8. Theorem 5 is closely related to a number of work on panel data models with fized
effects. First, the asymptotic bias of Eg is of order O(\/N/T). For fized effects model, Hahn
and Newey (2004) derived the same order for the asymptotic bias of the fized effects estimator.
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In particular, 3 becomes asymptotically unbiased when N = o(T). Second, when {X;;, Yy : i €

[N],t € [T]} are independent, the bias term has an expression:

Tl o1 L E(RyUS)  EUZ*)E(|Ril?)
KTy 1Wg lAg = \/ KTy 1Wg lj&gnooﬁg Z ( 1 1 .
i 0__

9, =

E(R}) 2E2(R3)

For fized effects model without group structure, i.e., 7y = Ng/N = 1, the above expression co-
incides with Arellano and Hahn (2007). When T = o(N), the bias of Bg tends to infinity. This
issue can be resolved by adapting the jackknife procedure proposed by Hahn and Newey (2004) and

Dhaene and Jochmans (2015) into our M-estimation procedure.

4. Monte Carlo Simulation

In order to evaluate the finite-sample performance of the classification and estimation procedure,
following Su et al. (2016), we consider three data generating processes (DGPs) that cover both
linear and nonlinear panels of static and dynamic models. Throughout these DGPs, we generate
the fixed effect a; and the idiosyncratic error u; are LD N (0, 1) across ¢ and t. Moreover u;; is
also independent of all regressors. We set the number of groups to be three (e.g., Go = 3), and the
number of elements in each group are given by N; = |0.3N ], Ny = |0.3N | and N3 = N—N;—No,
where N is the total number of cross-sectional units and |-| denotes the integer part of ”-”.

DGP 1 (Linear panel model): The data is generated as
Yir = o + XiyB, + i, (4.1)

where Xz = (0.20; + €4¢,1,0.205 + 6Z‘t72)/ and ej; 1, €2 ~ LILDN (0,1) across 4, t and are indepen-
dent of ;. The true coefficients are (0.4,1.6), (1,1), (1.6,0.4) for the three groups, respectively.
DGP 2 (Linear dynamic panel model): The data is generated as

yit = i (1 = g,) + Vg Yit—1 + X, Bg, + wit, (4.2)

where X;; is a 2 x 1 vector of exogenous variables following two dimensional standard normal
distribution. The true coefficients are (0.4,1.6,1.6), (0.6,1,1), (0.8,0.4,0.4) for the three groups,
respectively.

DGP 3 (Dynamic Panel Probit model):

Vit = 1 (Vg Yit—1 + TitBr,g, + Bo,g; + i > Uit) , (4.3)

where z;; = 0.1c; + ;¢ with e;; ~ I.I.D N (0, 1) and is independent of all other variables. The true
coefficients are (1,—1,0.5), (0.5,0,—0.25), and (0, 1,0). It should be noted that ~,, and 4 are
identifiable in this model, whereas 33 4, is unidentifiable because it is absorbed into the individual

specified effects «;.
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For all the three DGPs, we consider the combinations of (N,T") with N = (100,200) and
T = (15,25,50). During the replication, the group membership is held fixed. The number of
replication is set to be R = 1000. Since the goal of this paper is consistently estimate the regression
coefficients, group membership and number of groups, we follow Su et al. (2016) to consider the
following three criteria to examine the finite sample performance of the proposed M-estimation.

(1) We use the algorithm to determine the number of groups and then estimate the parameters
through M-estimation procedure. For the estimation of parameters, the estimators are evaluated

using the root mean squared error (RMSE) for each estimated group number G defined as?

N
1 ~
RMSE = | = > 185, — ByI3-

i=1

When G = Gy, we also consider another type RMSE similar to Su et al. (2016), defined as

Go
1 —~
Group RMSE = oo Z 1By — 58”%-
g=1

(2) Frequency or empirical percentage of selecting the number of groups for a given true number
of groups (GY = 3 in our designs).

(3) Classification, which is the percentage of correct classification. It is calculated as the per-
centage of correct classification of the N units, calculated as Ef\; 1 I(G = ¢9)/N under appropriate
relabelling, averaged over the Monte Carlo replications.

Simulation results of DPGs 1-3 are summarized in Tables 1-3. Several interesting findings can
be observed in Tables 1-4. First, Table 1 provides the RMSE for the proposed M-estimation using
different number of groups with G° = 3. As we show in Theorem 2, our M-estimation procedure
can lead to consistent estimator as long as G > GY. From Table 1, we can observe that the RMSE
decreases rapidly with the increase of either N or T, which is evident that the M-estimation is
consistent. Moreover, as shown by Table 2, the group RMSE also decreases with the increase of N
and T, and performs similarly to the oracle estimator (e.g., knowing the true group membership),
which is consistent with our findings in Theorems 1-2. Second, Table 3 summarizes the accuracy
of determination of number of groups using the criterion PC(G) proposed in Section 3.3. We
note that throughout all our designs of both linear and nonlinear panels, the determination of
number of groups using the proposed algorithm is very accurate in the sense that the percentage
of choosing the true number of groups is quite close to 1 with the increase of either N or T.
Finally, Table 4 presents the simulation results of correct classification and group RMSE. For the
correctness of classification, we can observe that with the increase of N and T, the algorithm we

proposed is able to provide very accurate classification for both linear and nonlinear panels, which

*We don’t compare the performance of C-LASSO by Su et al. (2016) with ours in the simulation. The main

reason is that we are unclear of the choice of tuning parameters of C-LASSO when G is different from Gy.
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is evident that the classification is consistent as shown in Theorem 3. In all, we can claim that

the simulation results confirm our theoretical findings in this paper regarding the identification

and estimation for panels with unknown group structure under misspecification.

TABLE 1

RMSE under G = 3,4,5 with G° = 3.

DGP1 DGP2 DGP3

N T 4 5 3 4 5 3 4 5

100 15 0.190 0.217 0.234 0.141 0.166 0.184 0.296 0.512 0.571

100 25 0.113 0.140 0.157 0.078 0.104 0.118 0.190 0.256 0.277

100 50 0.036 0.068 0.083 0.035 0.052 0.064 0.119 0.173 0.182

200 15 0.188 0.214 0.233 0.136 0.158 0.174 0.286 0.381 0.399

200 25 0.109 0.136 0.153 0.076 0.098 0.112 0.185 0.240 0.261

200 50 0.032 0.065 0.080 0.027 0.048 0.060 0.116 0.162 0.176

TABLE 2
Bias and RMSE of DGPs 1-3 with G° =
DGP1 DGP2 DGP3
Bias GRMSE Bias GRMSE Bias GRMSE

N T estimate oracle estimate oracle estimate oracle estimate oracle estimate oracle estimate oracle
100 15 0.023 0.012 0.070 0.048 0.066 0.029 0.060 0.040 0.020 0.008 0.180 0.135
100 25 0.016 0.009 0.042 0.037 0.055 0.021 0.039 0.031 0.006 0.003 0.110 0.091
100 50 0.007 0.004 0.034 0.025 0.032 0.013 0.033 0.020 0.006 0.003 0.077 0.066
200 15 0.025 0.014 0.050 0.036 0.073 0.031 0.043 0.038 0.013 0.003 0.125 0.094
200 25 0.016 0.009 0.031 0.026 0.059 0.023 0.031 0.029 0.006 0.003 0.080 0.068
200 50 0.006 0.003 0.021 0.018 0.033 0.013 0.022 0.018 0.003 0.002 0.054 0.047

Note: ”estimate” refers to estimation based estimated group membership, ”oracle” refers to estimation using the
true group membership, i.e., 2.

TABLE 3

Percentage of choosing G =1,2,...,5 with G° = 3.

DGP1 DGP2 DGP3

N T 1 2 3 1 5 1 2 3 1 5 1 2 3 4 5
100 15 0 0.004 0.976 0.02 0 0 0 0.484 0366 0.15 0 0.081 0.612 0.262 0.045
100 25 0 0 0.996 0.004 0 0 0 0.94 0058 0.002 0 0.058 0.810 0.128 0.004
100 50 0 0 0.988 0.012 0 0 0 0.984 0.016 0 0 0.007 0.895 0.098 0
200 15 0 0 0.996 0.004 0 0 0 0.658 0.246 0.096 0 0.063 0.705 0.221 0.011
200 25 0 0 1 0 0 0 0 0.942 0.058 0 0 0.011 0.881 0.106 0.002
200 50 O 0 1 0 0 0 0 0.996 0.004 0 0 0.002 0.932 0.066 0

TABLE 4

Percentage of correct classification with G° = 3

N T DGP1 DGP2 DGP3
100 15 0.902 0.926  0.883
100 25 0.934 0.978  0.949
100 50 0.966  0.989  0.979
200 15 0903 0932 0.883
200 25 0.967  0.980  0.949
200 50 0.995 0.998  0.980




5. Empirical Application

In this section, we apply the above estimation and classification method to study the women’s
labor force participation. The dataset comes from Panel Study of Income Dynamics (PSID) and
contains 1461 married women for 10 calendar years 1979-1988. We consider the following dynamic

panel binary choice model with fixed effects
yit = 1 (i + vg,Yit—1 + 23, By, + €it > 0)

where y;; takes value one if woman i participate in period ¢t and zero otherwise, «; and §; represent
individual specific effects and time effects, respectively. Other independent variables are x;; =
(#children;;, logincome;, race , eduwife, agewife and agewife?), where #children;; is the number
of children aged between 0 and 17, logincome is the log of husband’s labor income deflated by
Consumer Price Index, race is an indicator function and takes value 1 for black, eduwife is the
years of education of woman, agewife is the age of women (divided by 10) and agewife? is squared
age. Similar variables are also considered by Hyslop (1999) and Carro (2007).

Using the classification method in the previous section, we are able to divide the original sample
into two groups, i.e., G = 2. The summary statistics for the original sample and two groups are
provided in Table 5. From Table 5, we can observe that these two groups have quite distinct
observations for some variables. For example, comparatively, individuals in group 2 have more
children, lower percentage of black race and younger age, while, individuals in group 1 have more
years of education. The difference in these two groups make a lot of difference in the estimation.
Furthermore, based on the grouping, we can note that, on average, individuals from group 2 have
much higher tendency to join the labor market comparing with individuals from group 1, e.g.,
the mean of labor force participation rate is 0.7898 for individuals from group 2 and is 0.3982 for
group 1.

For the estimated group membership, we apply the fixed effects logit regression for each group
and the whole sample. The estimation results are summarized in Table 6. Several interesting
findings can be observed in the above estimation. First of all, we note that the effects of variables
of previous year’s labor force participation, husband’s income and wife’s age remain the same
across the whole sample and two groups, even if the effects are quite different across different
groups. Second, we note that race has negative effects on the labor force participation in the
whole sample and group 1, while race is no longer significant in group 2. From the summary
statistics, we note that group 2 has relative low percentage of race black, which indicates that
effects of race is offset by other variables in this group. Finally, we observe that education of wife is
not significant in the whole sample and group 1, while it is significant in group 2, which indicates
that education indeed has positive significant effect on the labor force participation for individuals
in group 2. In all, we can conclude that, in order to capture the individual heterogeneity and group
heterogeneity, it would be of crucial importance to classify individuals into different groups instead

of pooling all individuals in the same group.
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TABLE 5
Summary statistics for the original sample and two groups

Whole sample Groupl Group2
Variables min mean max min mean max min  mean max
yit 0 0.5743 1 0 0.3982 1 0 0.7898 1
##children 0 1.76 7 0 1.691 6 0 1.841 7
logincome 5.806 10.471 13.846 5.806 10.483 12.995 6.64 10.46 13.85
Race 0 0.1642 1 0 0.1788 1 0 0.1471 1
eduwife 5 12.05 18 5 12.13 18 5 11.95 18

agewife 1.8 3.557 6.3 1.9 3.671 6.2 1.8  3.424 6.3
agewife2 3.24 13.41 39.69 3.61 14.25 3844  3.24 1243 39.69

TABLE 6
Logit estimation for the whole sample and two groups

Variable Whole sample Groupl Group2
yit-1 2.0504*** 2.1779%F*  0.8835***
(0.0683) (0.0841)  (0.1044)
#children 0.00001 -0.0395 -0.0915**
(0.0295) (0.0401) (0.047)
logincome -0.1933%** -0.2408%**  _0.1787**
(0.0472) (0.0615) (0.0814)
Race -0.1735** -0.1938* 0.1215
(0.0842) (0.1135)  (0.1412)
eduwife 0.0096 0.0088 0.0257**
(0.0082) (0.0118) (0.0126)
agewife 1.2635%** 1.8465%**  2.6434***
(0.2977) (0.4133) (0.4523)
agewife2 -0.161*** -0.2297#%%  _0.3097***
(0.0386) (0.0534)  (0.0598)

Note: *, ¥* *** refer to significance at 10%, 5% and 1% level, respectively.

6. Conclusion

In this paper, we consider the identification and estimation of panel models with group structure
when the true number of group and the group membership are unknown to researchers. We pro-
pose an M-estimation procedure to estimate the parameters of interest and a information criterion
function to determine the number of groups. The method we proposed is applicable to both linear
and nonlinear panels. Asymptotic properties are established for the estimation and classification
as well as the determination of number of groups. As a major theoretical contribution, we show
that under certain assumptions, the consistency of our proposed estimation and classification pro-
cedure is independent of the number of groups used in estimation as long as this number is not
underestimated. The important practical implication of this result is that for estimation on the
slope coefficients, one does not necessarily need to estimate the number of groups consistently.
Monte Carlo simulations are conducted to examine the finite sample properties of the proposed
method, and simulation results confirm our theoretical findings. Application to labor force par-
ticipation also highlights the necessity to take into account of individual heterogeneity and group

heterogeneity.
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APPENDIX

This supplement includes the mathematical proofs that are omitted in the main paper. We first
provide the proof of the main theorems and then present the relevant lemmas that are used in

proving these theorems.

A.1. Proofs of main theorems

This section contains proofs of main theorems. To proceed further, we introduce some notation
as follows. For fixed 8 € K, define

a;(p) = arg max fIi(b’, a),
achA

and for 8 = (81, B2,...,Ba) € K¢, define

An(B) = arg max max \/I\’,-(B,g),
- ANEly aEAN

with (g1(8),92(8),...,gn(B)) being the elements in Yy (3). Let

SNT = sup  sup |ﬁl(,8,01) — H;(B,a)l,
1<<N BeK,ach

then under certain assumptions, Lemma A.7 shows that Sy = op(1), which plays an important

role in our proof. Moreover, definition of T suggests the following inequality:

N
N 1 .
sup [¥(On) —V(0n)] = sup N E (Hi<5g“az’) — Hi(ﬁgiaai)>‘
0n€ON (B,2,7N)EKXAXT N i1

< Sht.

To compare (Bl, Bg, e ,Bg) and (8,9, ..., ﬁgo) with possibly G # G°, we define map o : [GY] —
[G] such that:

o(g) = argmin|| 35 — 80|z, for g € [GP]. (A1)
g€[G]

Proof of Theorem 1. First by definition of §N, we have
Uy (0%) — Snr = Un(0%) < Un(Oy) < Un(On) + Syt < Un(6%) + Shr.
Above inequality and Lemma A.7 shows that
Uy (On) = Un(6%) = op(1). (A.2)

In the following, we will use contradiction argument to prove the result. Assume d N(@\N, 0%) — 0
fails to hold. There is a sub sequence (Ng,T%) of (N,T) and ¢y > 0 such that P{de(gNk, G?Vk) >
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co} > ¢ for all large enough k. W.L.O.G, we can assume P{dN(@\N, 0%) > co} > co for all large
enough (N, T). Define event Ay = {dN(é\N, 0%;) > co}. By Lemma A.4 and Lemma A.7, we have

[‘I’N(99v) — U (ON)I(AnT)
X(c3/8)I(Anr).

\I]N(Q?V) - \I/N((/Q\N) >
>
- 2R
So let €9 = cox(c3/8)/(4R) and it holds that

lim inf P(\I/N(QN) ‘I’N(aN) > 60) > lim inf P( R (C%/8)I(ANT) > 60)

(N, T)—o00 (N, T)—o0
= liminf P(An7) > co > 0,
(N, T)—o0
which is a contradiction to (A.2). Proof completed. O

Lemma A.1. Suppose Assumptions A1, A2 hold and G > G, then for each g € [GY],
||Bo‘(g) - /62”2 = OP(l)‘

Proof of Lemma A.1. By Theorem 1, we have for any g € [GY]

N

~ 1 ~
1Bote) = B3Nl = 19 = g)l1Boggo) — Bl
o STl = ) 2 o

(By deﬁnition of o)

< L ZI 1B, — B2l
N 2 0
< NN, ; 18g: = Byoll2
(By Assumption Al.(f))
1 N
< [ +o(D)]dn(On,by) = op(1).

Ty
O

Proof of Theorem 2 . First notice Hﬁa(gg) — ﬁSQHQ Hﬁgz — ,BOOHQ and H; (ﬁa(g ) A(Ba(g?))) <
ﬁi(ﬁ/g\i, a(Bai)). By definition of Sy7, we have

Hi(By(g0), @(By(g0) = Snt = Hi(Byg0),
(

A
)

So it follows that

sup. (H(Baiy:8(Bo)) ~ Hi(B (B ) < 28, (A3)
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Next we will prove the convergence result by contradiction. Assume sup;<;<y || B@. = ﬁSQ |2 =0

in probability fails to hold. Then W.L.O.G, there exist ¢g > 0 such that P(sup;<;<y || B\@. -

ﬁgQHg > €y) > ¢ for (N,T) is large enough, otherwise we can take subsequence. Let event
AnT = {SUPlgz'gN HB@, — BSQHQ > €p}. By Assumption Al.(c), we have

sup | Hi(8%,a?) — Hy(Bs,a(B5,)) ) > sup ( Hi(8%, oY) — Hy(B5.,a(B5.)) ) I(Anr)
g; 9;

1<i<N 1<i<N
x(e)I(Ant). (A.4)

v

And by Lemma A.5, it follows that,

sup. (H(3.08) = Hi(Bgy (o)

1<i<N
1/2
B 012 4+ 15(8 02
< s 5oty — Ayl + o) - off?)
. ; - )
< 1;?SPNBQ (Hﬁa(g?) - ﬁgg\b + 0By (g0)) — \). (A.5)

Next we will bound two terms in above inequality respectively. For first term in (A.5), by Lemma

A.1 and direct examination, we have

GO
sup [|B,g0) = Byollz = sup D" I(g) = 9)[1Byq0) — By
19.5\,” (69) ~ Boll2 1§£N; (9 = 9Bo(g0) = Byoll2
GO
= sup > I(g) = 9)llBog) — B
1<i<NgZ‘: (9: = 9)IBo(g) = Byll2
GO
< 2”50(9)_B!JH2:0P(1)' (Aﬁ)
g=1
For second term, combing (A.6) and Lemma A.8, we have
sup |@(B,(,0) — af| = op(1). (A7)
1<i<N

Hence it follows from (A.5), (A.6) and (A.7) that

0 0 ) ~ _
s (L) = H Gy o)) = or) (A.8)
Combining (A.3), (A.4), (A.8) and Lemma A.7, we have

x(3)I(Ant)
< sw (H(Eal) - (55005

1<i<N i

0 0 2~ 3 ~7 3~

< s (B0~ 1By 8Bay))) + s (HiBa@Pae) — HilFa(55) )

= op(1),
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which leads to a contradiction of Assumption Al.(c) and P(Anr) > ¢o for all large enough
(N,T). O

Before proving Theorem 3, we will introduce some notation. Define a 7-neighborhood of 6%
by N, = {B € K% : maxge(g) minge(go) |85 — Ball2 < n}. Also for each 8 € N, we define sets
An(B,9) = {9 € [G] : 185 — Boll2 < n} C [G], for all g € [G°]. Here A,(B,-) plays a role of
relabelling that connect labels in [G°] with labels in [G].

Proof of Theorem 3. First we will prove the following claim: for sufficient small n > 0, with
probability approaching one, {.An(g, g),g € [GY]} is a partition of [G] and each An(é, g) is non
empty for all g € [G°]. To see this, by Theorem 2, we have with probability approaching one,
E € N,. Therefore, by definition, each A, (g ,g) is not empty. Moreover, the uniformly convergence
in Theorem 2 also implies Ungol.An(E, g) = [G]. Now we remain to show that with probability
approaching one, {An@\,g),g € [GY]} is a partition of [G]. Let event Ayy = {Exsits g2 €
Ay, (E ,91)NA, (E , g2) for some distinct g1, go € [G°]}. Assume above claim fails to hold, then there
exists g > 0 such that P(An7) > € for all (N, T) is sufficiently large. On event Ay N {E SVAYS
there exist some g12 € [G], g1, g2 € [GY] such that g2 € An(@ g1) N An(é, g2). As a consequence,
for n < dp/2 and by Assumption Al.(d), it follows that,

do < ||521 - 622||2 < Hﬁglz - BngQ + HBQIQ - 522”2 < 2n < dp.

which is a contradiction, since P(Ax7 N {E € Np}) > €o/2 for all (N, T) that is sufficiently large.
Now we prove the claim.
Next by Lemma A.16 and the fact that with probability approaching one, E € N,, we have
I P(A-GA B,q%),Vi € N):l.
i P (9 € Ay(B,97), Vi € [N]

Finally, suppose i,j € CAg for some g € [G], then g; = g; = g. From argument above, we can
see, with probability approaching one, g € An(E, ¢Y) and g € AW(E» g?). Notice with probability
approaching one, {An@\ ,9),9 € [GY]} is a partition of [G], so it follows that ¢? = ?. Now define
g=g°= g;) € [GY], then 4, j € Cj. Therefore, with probability approaching one, for each g € [G],
there exist g € [GY], such that CAg C Cy. O

Proof of Theorem /. It suffices to show

(NVI}I)IL OOP(PC(G) < PC(GY%) = 1. (A.9)

Now we consider two cases, namely G < G and G > GV.
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Under fitting case, G < G: By direct examination and Lemma A.19 , for (N, T) is large enough,
it follows that

PO(G%) — PC(G) = Un(F) — Un(6%) — Un(F) + Un(6%) — nvr(G° — G)

> Uy (ok) = Un(ER) — e (G - G)
= UN(O}) — TN (OF) — nvr(G° = G) + 0p(1)
> By/2+o0p(1) (A.10)
Since nn — 0, it follows from (A.10) that (A.9) holds for the case G < G°.
Over fitting case, G > G*: By Lemma A.21, it follows that
PC(GY) — PC(G) = WUn(0F) — Un(0%) — Un(0F) + Tn(0%) + nvr(G — G°)
= O,(T 750 + (G — GO). (A.11)
Since nNTT2<11+d> — 0o and G > G, so (A.9) holds for the case when G > GP. O

Proof of Lemma 1. Suppose G = G, then by Theorem 3, under appropriate relabelling, it follows
that for each g € [GY],

~

ol PG =Cp) =1,

And above equation implies that

li P(G; = ¢°,Vi € [N]) = 1.
vim (9: = 9;,Vi € [N])

Since on the event {g; = ¢¥,Vi € [N]}, we have E = E . Therefore, we finish the proof. O
Lemma A.2. Suppose Assumptions Al, A3, AJ hold and N = O(T), then for all g € [G°]
~ _ D _ _
VNG (Bg = BY) = \/Ng/TW; Ag == N(0, W, ' DgW, ).
Proof of Lemma A.2. By Lemma A.9, it follows that

N T
1 1
N7 2 2 VilXinYa B o) = = > Ti+op(l). (A12)
9 i;g(.):g t=1 g i:g(-):g
By definition of Eg, we find that
1 d -
N7 2 2 UilXin Y, By, 6i(By)) = 0. (A.13)
97 i 0=g t=1
v9; =9

Apply the same argument in Lemma A.10, we can show that the following term will uniformly

converge to its expectation for all 1 > 1,

t=1
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Combining Assumption A4.(b), (A.12), (A.12) and Lemma A.18, we have following equation,

19—9_ 19—9

1/ No/T[Ag + 0p(1)]
+op(\/NgT By — Blla) + 0p(y/Ny/T). (A.15)

Since N = O(T) by assumption, (A.15) shows the asymptotic distribution of Bg is contributed by

T
FZZ i(Xi, Vi, By, ) = ZZ )

[]\179 Z )t \/W Z ZU Xit, Yit, B g, ay). (A.16)

i:g)=g irg)=g t=1

Next we will derive the asymptotic distribution of (A.16) by Lyapunov C.L.T and Cramer-Wold
device. For any u € RP, define (p; = Zle WU (X, Yi, Bg, a?)/ﬁ. By Lemma A.9 and Lemma

A.3, for some constant C,, > 0 depending on u, we have

> E() < NyCu. (A.17)
iig)=g
Direct examination implies
s, = Y E(E)
iig)=g
T
_ oy uE(ZU (Vi 50 Y0060 Vi ) Ju/T (419
i:g0=g t=1 =1

Thanks to Lemma A.10 and Assumption A4.(a), we can show that

(N,I%I)goo S%Vg /Ny = u'Dgu. (A.19)

Combining (A.17), (A.18), (A.19) and Assumption A4.(a), we have

3
lim L= BG) lim NyC
(N T)—00 83 (N,T)—o00 3/2
g (Ngu’Dgu>
NyCy
< lim o =0. (A.20)

(N,T)—o0 ) 3/2
(Nnguuug)

y (A.19), (A.20) and Lyapunov C.L.T., for any u € RP, we have

D
Z ZU Xit, Yi, B), o) — N(0,u'Dgu).

VAV 190fgt 1
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Since u is arbitrary, by above equation and Assumption A4.(a), it follows that

~ _ D _ _
VNI (Bg = BY) — \/ Ng/TWy; Ay == N(0, W, ' DygW; ).
O

Proof of Theorem 5. The asymptotic distribution follows from asymptotic equivalence in Lemma
1 and Lemma A.2. O

A.2. Proof of relevant lemmas
This section contains proofs of relevant lemmas for proving the main theorems. Set

R= sup ’\51—52”2+|041—042’-
B1,82€K,a1,a2€A

Lemma A.3. Under Assumption A1 and A3, there exists a non negative function J(x,y) such
that for all (B1,a1), (B2, 2) € B;,i > 1 and all |k| < 3,

|Dkw(l‘aya ﬁ) Oé) - Dkw(xayaﬁaa)’ < j(x7y)(||ﬂl - BQH% + ‘Oél - O£2|2)1/2,
DM (a,y, B,0) < J(x,y),

and

sup E(J®(X;1,Yi)) < 00.
i>1

Proof of Lemma A.3. This is a consequence of Assumption Al.(a) and mean value theorem. [J

Lemma A.4. Under Assumption Al, the inequality

inf (WA (0%) — U (ON)] > ——y(e2/8
dN(Ozle}HS{,)ze[ N(ON) = Un(On)] 2 5x(€7/8)

holds for every 0 < € < R.

Proof. Fix 0 < € < R, let O and 6% satisfy

N

D MBs. = Bipll2 + i — aff] > e.

=1

1
dn (O, %) = N
Then the cardinality & of the set of indices A = {i € [N] : ||y, — ﬁgo 2+ |a; — ] > €/2} satisfies
the inequality (N —k)e/2+ kR > Ndy (0w, 09\,) > Ne. From this we conclude k > Ne/(2R —¢€) >
Ne/(2R). The inequality (a + b)? < 2a? + 2b? and Assumption Al.(c) yield

[x(0%) = U (0n)] = ]1VZ;:[H( %, 0f) — HilBy00)] > o x(€/8) 2 Sx(/8).

By taking infimum on above inequality, the desired result follows. O
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Lemma A.5. Under Assumption A1, the following Lipchitz condition holds

H; , Q1) — HZ' , (Y
sup sup LA 21) (82 22)1‘/2 < Bs,
i1 (B1,01)#(Baa0)ekxa (181 = Bal5 + Joa — az]?)

with By = fooo exp (1 — (t/Bl)bl) dt sz < by < o0 and By = By Zf b1 = oc.

Proof of Lemma A.5. The desired result is valid when d; = co. Now it suffices to show the case

when d; < oco. In the view of Assumption Al.(e), we have

IN

/00 SUPP<Q(XZ‘17Y11) > t) dt
0

i>1
o0
< / exp (1 — (t/Bl)I”)dt < o0.
0
Combining above inequality with Jensen’s inequality and Al.(e), it follows that

sup sup |H;(B1, 1) — Hi(B2, az)|

i>1 (B1,01)#(Baaz)ekxa ([[B1 — Boll3 + |1 — ag|?)1/2

E(W(Xil,Yu,ﬁl,Oél) — 1/1(X¢1,1/§;1,51,041)>
(181 = Bal3 + |a1 — az[%)1/2

sup [ <Q(Xi1, Y; )>

i>1

< sup sup
121 (B1,01)#(B2,02) EK XA

< SUPE<Q(X1'17Y1' ))
i>1
< Bs.
Proof completes. O

Lemma A.6. Let Z;,t € [T] be a sequence of stationary variables with zero mean such that
a(t) < exp(—Cot) and P(|Zy| > z) < exp!~/BU™ | Furthermore, ifE(Z3)+23 02 E(Z1Z144) <
M, then

1
Pl =
(z

where L1, Lo are positive constants only relying on by, by and M and d = boby /(bob1 + by + b1).

T

>

t=1

d

1, 7T /o

T2\ T2 6L a4

>z ) <41+ : + 1exp —Lngidzd , forall z >0,
16 M z

Proof of Lemma A.6. Evaluating equation (1.7) in Merlevede et al. (2011) at A = Tz/4 and
r= T#‘ld, we will finish the proof. O

Lemma A.7. Suppose Assumption A1 holds, then there exist positive constants Cs, Cy, C5 not
d
relying on i, T, N, z such that, for all z> 0 and T+ > 4(p + 2),

P( sup > 62>
(B,0)EKx A

_d

L o\ —TTHd /4 B 4
< Cyll+ ; 1+T1+dz —i—gexp —C’Tﬁddzd n exp( ngT1+dz> '
- 22(p+2) C d 3 i
i 1- eXp(—ngTl"'dZ )

Hi(8, o) — Hi(8, )




Furthermore if log N = o(Tl%d), then

sup sup (ﬁ,Oé) - (57 ) - P(l)a
1<i<N (B,a)EKxA
and
sup |Un(On) — ‘I’N(HN)I = op(1).
ONEON
Proof of Lemma A.7. Define 7 = (8,a) € K x A. For 71 = (f1, 1), 72 = (B2,a2) € K x A, define
lir = (X, Yit, B1, a1) — ¥(Xit, Yie, P2, a2). By Assumption Al.(e) and Lemma A.5, we have
[lit — E(lir)| < <Q(Xit; Yit) + 32) 71 — 72|l (A.21)
Assumption Al.(e) implies
P(Q(Xﬂ,Yﬁ) + By > t> < exp (1 (t/C)° ) for all t > 0, (A.22)
with C' = By + Bs. Thanks to Assumption Al.(e), we can see
sup £(1Q0Xa Vi) + B’ ) = [ QUK Ya) + Baf > 0

< / exp(l tb1/3/0b1>dt<oo
0

In the view of Fan and Yao (2003)[Proposition 2.5] and (A.21), one concludes

[Cov(l lis)] < 8oyt —s)E2/3(\li1—E(l,~1)]3>
< alf -9 (100 Y) + Baf I - ml?
C
< exp(—?0|t 5|b°)E2/3<|Q( i1, Yi1) + Bgl3> |71 — 7|3, for all t > s.

Combing above, one finds that

sup [Cov(zﬂ, i) +2)_ Cov( Zl,zzt)} < M| -l (A.23)

i>1 >1

where

M =2 <[/ exp (1 — tb1/3/Cb1) dt]2/3> Zexp(—@tbo) < 00.
0 =0 3
1 T

t:l

Combining (A.22) and (A.23) and apply Lemma A.6 with Z; = (l;; — E(li;))||71 — 72||5 !, one shows
d

that
P@n—mm

1

Tiva 2\ 1"
< 41

< (+16M) ;

(A.24)

Is¥
~
no
—_
=)
S
—
/—\
&2
=
~
+
Is9
I}
~
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where Cy1, (31 are positive constants which are free of 4, z and T'. In the following, we will apply
chaining argument to prove the concentration inequality.

For 7 = (8,a), define process X;(7) = S{_; [W(Xit, Yit, B, @) — E(b(Xit, Yir, B, )] /T For
simplicity and without causing confusion, we write X (7) = X;(7) in rest of the proof. We construct

a sequence of nested sets Ty C 11 C -+ C K x A such that
|7 =72 > 477,

for every distinct points 7,7 € T}, and that each 7} is "maximal” in the sense that no additional
points can be added to T without violating above inequality. Therefore, by construction, the
cardinality |Tj| < D47+ where D = max(diam(K x A),2Y9). Now we link every element

Tj+1 € Tj4+1 to one and only one 7; € T} such that
I17j41 = 7jll2 < 477, (A.25)

which can be done by the construction of T, and T;. Continue this process to link all points
in T; with points in 7}_1, and so on, to obtain for every 711 € Tj41 a chain t7j41,7j,...,70
that connects to a point in Tj. For each integer k£ > 0 and points 7i41, Tk+1 inTk+1, they link to

elements 79, 7 € Ty. Therefore, by triangular inequality, we have

k k
X (1) — X(m0)] — [X (Fisr) \ S X (7541) |- S IX () - XG)
i=0 =0
]k J
_ x|,
7=0

where for each fixed j, the maximum is take over all links (7,7) from Tj;q to 7). Therefore,
for fixed j, the maximum is take over at most |Tj41| < DAUFDPHY) elements, with each links

satisfying |7, 7|l2 < 477. Combing above inequality with (A.24) and (A.25), we have for every



z>0

IN

IN

IN

IN

IN

IN

IN
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P( swp (X () — X ()] — (X (Fown) — X o)) >4z)
Tht1:Tk+1E€T k41

k
P(Zmax T) — X(7) >2z>

7=0

k k 4
P(Zmax T) — X(7) >Z232>

§=0 §=0
k X(1) = X(D)|lIT = 7ll2 ,
ZP(maX — > 232>
= |7 — 7|2
k X(r) = X(7)|477
ZP(maX — > 2jz>
= |7 —7l2
k X (1) = X(7) ‘
ZP(maX — > 272)
= |7 —7ll2
k X (1) = X(7)
Zp(max s zjz)p4<a'+1><p+1>
= [l |P

1
1 _TT¥d /2
T4 2\ T2 160 o .

+1 21 _ dp1ig Ld (p+1)
241? D{ ( T3 > + =5 eXp< Cs1 20T T4 2 )]4” .
K+ Ko

(A.26)
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Now we are ready to establish a bound for two terms in (A.26). Direct examination shows

Ky

IN

IN

IN

IN

IN

d
[e'S) [ S —TT+d /2
w23 <1 it ) i+
—

16M
i
4p+2D< 16M )p“i(l Tlid4ﬂ'z2> T2 <T1+d4ﬂz )p“
+ -
T 2 = 16M 16 M
1
TT+d 22

(Let a, = 1607

1\PH =@ . —Tﬁddp , pt1
4p+2D<> Z (1 + 4ﬁaz) (4@)

(07 =0

_d
, 1\ N 4t

4Pt D() Z (1 +4ﬂaz>

ay =0
(Notice T+ > 4(p + 2))

1\Ptl > —T?dd -1
4p+2D(> Z (1 + 4jaz)

ay =0

_d _d _d
T1+d T1+d 1 T1+d

+o 1 ptl - 1 Tz - © ) T 1
4P2p(— 1+ 4a, + (1 +4a, +) 1+ 4a,
az

=2
(Notice 47 > j for j > 2)

d

1 p+1 _rivd
2 x 4P+2D<a> <1 + az>
4

i _d
ptl rite 1 p+1 i
2 x 4P+2D< ) (1 + az> + 42D <> (1 + xaz> dx
a
d _d
p+1 1 —*Ti‘m
2 x 4p+2D< > (1 + az> +4PT2D <> (1 + az>
a a, T1+d
d

-7 d

renl()

71dd
T1l+ _1

—1 1 p+1 oo —
+ 472D <a> > (1 + jaz>
zZ

=2

30

.

;)”T (1va) (A27)
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A bound for K3 can be derived as follows:
Ky — Z 4p 021D exp ( B 0312delidzd> 4(p+1) 9=
7=0
< 4p C'21D ] e, ( B 0312de1idZd) 927 (p+1)
7=0
00 AP0 D 4 1 2e+1)/d . ddrig Ld N 2p+1)/d
- Z 2(pt1) Co ( b+ )> exp < - C3l2delidzd> <d031 E )
ST IR 241+l dCs1 4(p+1)
(Let bz = C31T1sz )
4p+3 D 4 1 2(p+1)/d o0 ) 9id 3 2(p+1)/d
- Co1 < (p+ )> Zexp<23dbz>< d2’%b >
72 2+ \ dCs1 = 4(p+1)
Notice z¥ < exp(xy) for all x > 0,y > 0
(
4PH3C4, D A(p+1) 2(p+1)/d o0 .
< > exp  —20%./2
— 2(p+1) dC p z
T ird »2(p+1)+1 31 =
4p+3 D 4 1 2(p+1)/d ) )
< —om Ca1 ( (5; )> Z exp<—23dbz/2> + Z exp<—2jdbz/2>]
T 1+d 20+ 3 - j0<i<1/d j9>1/d
(Notice 2/¢ > jd for all j > 1/d)
P30y D [Ap+ 1)\ ,
< 2(p+ 1) = < (50 )> <d+1> exp(—bz/2)+ Z exp<—jdbz/2>}
T 1+d 22(p+1)+1 31 L szl/d
AP3C0 D 4 1)) 2+ /drg o0
< ( (p+ )> exp(—bz/2>+Zexp<—jdbz/2>]
T ita z2(p+1)+1 dCs Ld j=1
AP0y D [(4(p+ 1)\ 2D/ exp(—db, /2
= —o—= ( (dC )) dexp(—bz/2>—i—1 ( dé ) ] (A.28)
T i+a z2(p+1)+1 31 L — exp(—db./2)

Therefore, in the view of (A.26), (A.27) and (A.28), we conclude that, when Tt >4(p+2), it

follows that for all z > 0

P( sup (X (mhg1) = X(10)] — [X Giopr) — X (o))
Tht1,Th+1 € k41
p+1 1 p+2 1
S C'41 + d + 2(p+1)
TT+d 22 T1+d 22 T 1Fd z2(p+1)+1

Tﬁz2
16M

<[ (1+

_rTa s 9 .
) —i—dexp<—C31Tl+dzd/2) +

> 4z>

eXp(—CgldTHid Zd/2)

1 — exp(—CydTTrazd/2) ]
A.29)

where Cyp = 4PHAD(16M)PH! 4 4PH4D(16 M )P+2 4 4PF3Cy D[4(p + 1)d O3, PPHD/4 < 0o, By



triangle inequality, it follows that

sup X(Thp+1) = X (Teg1)| < sup (X (Tt1) — X (10)] = [X (Th41) — X (70)]
Tht 1,741 €T k41 Thot 15Th+1ET k41
+ sup X (10) — X(70)|, (A.30)
Trt15Th+1€T k41

where 19, 79 are linked with 7441, Tx+1. The first term of the right side in (A.30) can be bounded in
probability by (A.29). For the second term of the right side in (A.30), we notice, the maximum is
taken over at most |Tp|?> < D? terms. Applying (A.24) to X (19)— X (o) and noticing ||70—7o|| < D,
it follows that for all z > 0

P< sup > z>

Tht1,7k+1 €T k41

X (7o) — X(70)

X(70) — X (70)|ll70 — Tol|2
< D2P< _ > z>
|70 — 7oll2
‘ X (70)|D
ot
70 — Toll2
e
< 14 T1+dz —T /2 n 16021D3 B Cng#ddZd
= 16MD? PR Dl
Ti+dy ~TTH /4 16C9 D3 CslT#led
< 4D?*(1 _— - . A.31
= ( +16MD2) L eXp( DA ) (A.31)
Combining (A.29), (A.30), (A.31) and the fact D% > 2, we can conclude that
P( sup | X (1) —X(7)| > 5z>
T,?ETk+1
< P( sup [X(Tk+1) — X(To)] — I:X(?kJrl) — X(;())]‘ > 42)
T,;eTkJrl
—l—P( sup X(19) — X(70)| > z)
Tht1,Tk+1€T k41
<

1\ 1\ 1 1
Ca2 {1 + < T > + ( a ) + e + ]
TmZQ TmZQ T 1+d 22(p+1)+ z

1 L d
T 2N —TTH /4 B I
16MD d | exp(_CandT 24/ D)
(A.32)

where Cyo = Cy1 + 4D? + 16Co1 D3 < 0o. By continuity of process X (7), we can show that with
probability one

sup X(r)— X(T) X(1) = X(7)|.

T,’Feuzolek

= sup
7, 7EKXA
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Furthermore notice the right side of (A.32) is independent of k. Therefore, by monotone conver-

> 5z>
> 52)

> 5z>. (A.33)

gence theorem, it follows that

X(r) = X(7)

P( sup
7,7EKXA

= P( sup

T,;Eugolek

X(r) - X(7)

= lim P< sup

]C—)OO T,FGT}C+1

X(r) = X(7)

Using similar argument in proving (A.24) and Assumption Al.(e), we have for any 79 = (8o, ap) €
K x A, it follows that

d
_1 _T1+d /2
T2\ T2 160 g
P(‘X(To) >z) < 4<1+ 60 > + 221 eXP(—C:ﬂT”dZd)
d
1 —TT1+d /4
T2\ T 160 g
< 4<1+ ir ) + 221 exp<—Cng1+dzd/Dd>. (A.34)

As a result, in view of (A.32), (A.33) and (A.34), we conclude that for all z > 0

P( sup |X(1)| > 62>
TEKXA
< P< sup | X(7)— X(70)| > 52) +P(‘X(TO) > Z)
TEKXA
< P< sup | X(7)— X(7) >5Z>+P<X(7‘o) >Z>
T,?ETk+1
1 p+1 1 p+2 1 1
< Cu3 [14— < T ) + ( d ) T TTESY + ]
T 22 T 22 T i 2+)+1 2
1 =+, d
= 2 —TT+d /4 9 . AT T+ d Dd
X[<1+T1+22> +exp<—031Tlidzd/Dd)+ exp(—Cs1 +f/ ) }
16M D d 1 — exp(—C31dT T+ z4/ D)
1 1 1 1
< Cg [1 T oo T e T e T Z]
d
1 o\ —TTH /4 T
Trig2\ T —CsdT a2
x[(l—l— +z> —|—exp<—Cngidzd>+ p(~C 5) ]
Cs d 1 — exp(—CsdT 1+ 2%)
1
s G [“ zz(m)]

1 d
Tra -2\ I d/4 —CadT1+d d
x[(l—l—TH : > —|—2exp<—03Tfidzd> + exp(=CadT™ ,12 ) ]
1 — exp(—CsdT +d 2%)
(A.35)
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where Cy3 = Cyo+4+16C < o0, Cg = C’31/Dd, Cy = 5Cy3 and C5 = 16M D?. As a consequence,
under conditions log(N) = o(T 1%1), it follows that

P( sup |[Un(6n) —q/NwN)‘ > 62)

ONEON

N

= Z [ﬁi(ﬂgwai) - Hi(ﬁg“ai)] ’ > 62)

(o
ONEON Ni:l
>6z)

< P< sup sup
H;i(8,0) — Hi(B, ) >6z)

ﬁ2(57 Oé) - Hl(/Bv Oé)

1<i<N (8,0)EKxA

< N max P( sup
1<i<N (8,a)EKxA

= N max P( sup | X;(7)

1<i<N TEKXA

> 62) — 0.

Lemma A.8. Suppose Assumptions A1 and A2 hold, then

sup [@i(8%) — af| = op(1).
1<i<N i

Furthermore, let {fri},i € [N] be a random sequence such that sup;<;<y ||fri — BSQHQ = op(1),
then Z

sup |@;(Bri) — af| = op(1).
1<i<N

Proof of Lemma A.8. For first convergence, by definition of Sy7 and Assumption Al.(c)
H(Byp, af) — Hi( B, @i(Bp))

H; (ﬁoov ) H; (ﬁoovaz(ﬁg )) - 25’NT

> X(|ai(/82?) — af*) — 2SN

0

v

v

So by above inequality and the fact x(€) is non decreasing, it follows from Lemma A.7 that

X(sup [ai(B) —of|*) = sup x([@i(B) — i)
1<i<N : 1<i<N

< QSNT = Op(l).
Noticing x(0) = 0 and x(e) > 0 for all € > 0, above inequality implies

sup [ai(Bg) — of|* = op(1), (A.36)
1<i<N

which is the first convergence.
By Lemma A.5 and Lemma A.7, it follows that
sup sup |H;(Bri,a) — Hi(B%, )| < sup_sup |Hy(Bri,a) — Hi(BY%, a)| + 28n7
1<i<N a€A : 1<i<N acA :
Bs sup ”BTZ — 52(_)“2 + 2SNT. (A37)
1<i<N :

IN



By (A.37), one finds that

By sup |Bri— 530\\2 + 25N
1<i<N i

> sup|Hi(Bri 0) = Hi(Bp, )]
o€ ¢
> |Hi(Bri &i(Bri)) — ﬁi(ﬁgg,ai(ﬁﬂ))!
> |Hi(B, @i(Bri)) — Hi(B, @i(B))| — [ Hi(Brs, @i(Bri) — Hi( B, @i(Bp))]
(By definition of Sy and definition of @;(f))
> |Hi(Bo, @i(Bri)) — Hi(Byo, @i(B0)) — 2SnT — |SUPH (Bri, o) — Sule i(Byo, )
¢ ¢ ach ac
> [Hy(Bgp, @i(Bri)) — Hi(B, @i(Bp))| — 2Snr — sup |Hi(Br, @) — Hi(, a)
1 K2 ae 2
(By (A.37))
> !Hz‘(ﬁgg, a;i(Bri)) — Hi(52g7 az‘(ﬁgg))\ —45NT — By S 1Bri — /389\\2- (A.38)
Taking supremum on both sides of (A.38), we find that
sup |Hi(Bj, 0i(Bri)) — Hi(Byp, @i(B))l < 2B2 sup ||Bri — Bpoll2 + 6Snr- (A.39)
1<i<N i i 1<i<N i

In the view of (A.36), (A.39), Lemma A.5 and Lemma A.7, we have

sup |H(ﬂ 0, af) — Hi(ﬁgo@i(ﬁﬂm

1<i<N
< sup |H; (5 Oual(/BTl)) (5007@(/3 ))‘ + sup [H; (ﬁ 0,0t af) — Hi(ﬁg();ai(ﬂgom
1<i<N 1<i<N o o
< 2By sup ||/BT’L — ,BQQHQ 4+ 6SNT. + By sup ‘Ozl( gg) — a?|
1<i<N 4 1<i<N 4

= Op(l).
By above inequality and using similar argument in proving (A.36), it follows that

sup |@;(Bri) — of | = op(1),
1<i<N

which is the second result. O

Lemma A.9. For each i > 1, let {(it,t € [T]} be a stationary process with mean 0 and o-
mizing coefficient a(t) < exp(—Cot™) for all t > 1. Further more if sup; E(|¢;|%) < K, for some

positive constant K, then

T
E(] ZQt\qo) < CT2 foralli>1,
t=1

and

P( sup |ZQ¢/T] > €) < Ce ONT /2,

1<i<N
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where C' > 0 is a constant only relying on ¢, K. As a consequence, if N = o(qu/Q), then

wp 13" Gu/T] = on(1)

1<i<N —1

Proof of Lemma A.9. By Fan and Yao (2003, Theorem 2.17 and Proposition 2.7), we have

T
E(1) Gul™) < CT®", for all i > 1, (A.40)
t=1

where C' > 0 is a constant only relying on ¢, K, 9. By Chebyshev’s inequality and (A.40), for any
€ > 0, it follows that

(IZt 1 Git| ™)

( sup \ZCzt/T| >e€) <

1<z<N P Ty
CN
EgTq0/2 ’
O
Recall following terms defined in Section 3.4:
9 0 0 ! 0%y 0 0

pi = E(é? % (Xi1, Yit, Bgo, 7)) E(m(&hyﬂ,ﬁgg,%)),

Ui($a Y, B, Oé) = ?g(m, Y, Ba Oé) - ngi(ma Y, B? Oé),

A; = E(UyUj,) + QZE (UnUj 144), with Uy = Ui(Xit,YEt,ﬁ(g)g,Oé?)-

Lemma A.10. Under Assumption A1 and Assumption A3, we have

(Zt1 (th,Ymﬁo, )Ztl (th,th,ﬁo, ))

T — A

= 0.
2

lim sup
T—o0 i>1

Proof of Lemma A.10. For u € RP with ||ullo = 1, define {;; = u/Ui(Xit,Y;t,Bg,a?) and autoco-
variance function 7;(7) = Cov((it, Git4-), for 7 > 0. Assumption A3.(b) implies that

i
Jada

inf |E
i>1

(Xila }/ily 52?7 a?))‘ > 0.

Above inequality and Lemma A.3 yields

VPE(J(Xi1,Y))
infi>1 E(aféba(Xﬂ,Y%hﬁggaa?))
PEY®(J0(X;1, Vi)

X 2
infiz1 | B(gaga (Xin, Yir, B, o))

A=suplpills <
i>1




and

Gt = [W'Ui(z,y, 8,0)] < Uiz, 8,0)|la < /B (2,y) + N (z,1).

By Fan and Yao (2003)[Proposition 2.5] and Assumption Al.(b), we have

lri(1)] = |Cov(Cit, Git+r)l

[4] [4]

< 8al (O EV(Cu)EVH(Guryr )

= 8ai’ (B (Gal?

< 8ot/ () sup BX3(T3 (X1, Yir)) = Catl(7),
i>1

with C' = 8sup;>, E2/3(J3(X;1,Yi1)) being finite due to Lemma A.3. Therefore, above inequality
and Assumption Al.(b) imply

supz Iri(7)] < CZsupa (1) < C’Zexp(—CoTbo) < o0. (A.41)

i>1 —1

Direct examination yields

1 T T-1 r
TVar(Z Go) = rmi(0)+2) (1- 7)ril(7). (A.42)
t=1 =1

Thus it follows from (A.41), (A.42), Assumption Al.(b) and dominated convergence theorem that

T o
TIES;O%? Var(z Git) — <ri(0) —1—227“,-(7-))‘
< 1 i 2 i
< Tl_rgoig?< ZIT )+ Z ri(T )
7
< . _ bo . T B bo <7 _ ‘
< 2Tlgrgo ZTexp( Cor )—&—2Th_r>réO;TeXp( Cot™)I[(T<T—-1)=0, (A.43)

where second limit in above inequality is 0, since each summand is bounded by exp(—CoTbO),
which is summable. So that we can change the order of summation and limit. Direct calculation

yields
0)+2) ri(r) = vAu. (A.44)

Finally combining (A.43), (A.44) and noticing u is arbitrary, we proof the desired result. O

Lemma A.11. Suppose Assumption A1 and A3 hold. Furthermore, if N = 0(qu/2), then for
any random sequence {Bri,i € [N]} such that sup,<,<y ||Bri — /BSQHQ = op(1) and for all |k| < 3,
it follows that

12U<I)N’ZD XltamtaﬁTual(BTZ))/T E(Dk(XZta}/;t?B 07 ))‘ = OP(l)-
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Proof of Lemma A.11. Fix k| < 3, let K(x,y, 3,a) = D¥¢(z,y, 8,a). By triangle inequality, we

have

T
sup | K (Xit, Yie, Bri, @i(Br:)) /T — E(K (Xat, Yie, Bo, o)) < Ty + Tz, (A45)

1<i<N =
T
with Ty = sup | > [K(Xit, Yar, Bri, @i(Bri)) — K (Xit, Yie, B0, o))/ T |,
1<i<N | = i
T
Ip = sup ZK(Xz’taYz‘t,BSOaa?)/T_E(K<Xz‘t7Y£ta/82_0aa?))‘-
1<i<N | = i i

In the following we will bound 77 and 75 respectively. To bound 77, for any a > 0, we define

hai(‘rvy) = sup |K($7y7/87a)_K(l‘ﬂyvﬂ‘govagﬂ'
{(ﬁ,a)i\\ﬂfﬁggH2+|a*a?|§a} ’

k3

By Lemma A.15, we have
Ryt = sup ||fri — 53@”2 + sup |&;(Bri) — af| = op(1).
1<i<N i 1<i<N

So for a > 0, it follows that

T

Ty < I(Ryr<a) sup > hei(Xi, Yit)/T
1<i<N 4

T

+I(RnT > a) sup 1> K (X, Yie, Bri, @i(Bri)) — K(Xit,ﬁt,ﬁgoaa?)]/ﬂ
I<isN 5 '

= T+ Tho. (A.46)

By Lemma A.3, for a < ag, we have sup;<;<y hai(2,y) < J(z,y)a and SUp;>1 E(J9(Xi1,Yi)) <

00. Hence Lemma A.9 yields

T
sup | > Pai(Xit, Yie) /T — E(hai(Xit, Yir))| = op(1). (A.47)
I<<N 4

By (A.47) and Lemma A.3, it holds that

T
Ti1 < sup Zhai(Xit,Yit)/T
1<i<N =
= sup E(he(Xi, Yit)) +op(1)
1<i<N
< sup E(J(Xi, Yit))a + op(1)
i>1

= asup EY(®)(JO(X;1 Vi) + op(1).
i>1
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Since a can be arbitrary small, it follows that 717 = op(1). The fact that Ry = op(1) implies
T12 = op(1). Combining (A.46) and above, we have

Ty = op(1). (A.48)
By Lemma A.9 and Lemma A.3, a bound for 75 can be obtained as follows,
T2 = Op(l). (A49)

The result follows when combing (A.45), (A.48) and (A.49). O

Lemma A.12. Let xg be a point in R™ and h be a function defined on the ball B = {x € R™ :
|z — xo|| < 7) with derivativce h and Hessian matriz h which satisfies |h(z) — h(zo)|| < Lz — 0|
for x € B. If h is maximized at xg, then

h(zo) = h(z) > (1/2)l|lz — zo|*(A = L3),  [lo — xoll <,

holds for all 0 < § < r and with X\ the smallest eigenvalue of the matriz —ﬁ(xo).

Proof. The desired result follows from the Taylor expansion
1
h(zo +t) — h(zo) = t'h(zo) + / (1 — s)t'h(zo + st)t ds
0

the fact that x is a stationary point and that the integral is bounded by [t'h(zo)t+ L||t]?]/2. O

Lemma A.13. Suppose Assumption A1, A3 hold. Then there exist constant Cg, C7 > 0 such
that for any (Bi, c;) € Kx A, 1 < i < N satisfying supy<;<n(||8; — BS?H% + o — aQP)V2 < Cr, it
follows that for all i > 1

Hi(B,0}) = Hi(Bi,r) > ColllBi = B3 + e — o} ),

and
Cs
Z( (o)~ Hilpa)) = S8 — B8+ o — o2P).
=1

Proof of Lemma A.13. This follows from Lemma A.12 applied with ¢ equal to (,6’20, a;) and h
equal to the restriction of H; to ;. By Lemma A.3, it follows that that H; is Lipschitz in B; with
Lipschitz constant L; = (p+1)(E(J?(Xi1, Yi1)))'/? and noting that M = inf;>1 Amin(— (Booa )
is positive and A = sup;> L; is finite. Thus the choices Cg = M /4 and C7 = min(ay, M/(2A))
work. O

Lemma A.14. Under Assumption A1, A3, there exist constant Cg,Cq > 0 such that for e > 0
small enough,
inf inf H;(8%,a?) — Hiy(8,a)] > min(Cg, Cye).

21180 3 +Ha—af[22e T %

k3
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Proof of Lemma A.14. Assumption Al.(c) and Lemma A.13 imply

inf inf H;(8%,aY) — Hy(8,
ISI?SNHﬁfﬁs()”%lﬁafagpzﬁ[ Z(Bg? Oéz) Z(B Oé)]

k3

= minq inf inf H; (8%, a0) — Hi(8, ),
{1SiSN5520||§+|aag|2zc%[ i(Bgp, ) — Hi(B, )]

k3

inf inf H; (8%, %) — H;(B, «
193]\[C?>I|57520H3+\a*a?\226[ (B ) = Hil, )]}

> min {X(C'?)a 066}-

Therefore, we proof the result with Cs = x(C2?) and Cy = Cg. O

Lemma A.15. Suppose Assumptions A1-A3 hold. Let {B,,,7 € [N]} be a random sequence

satisfying supi<;<n [|Bg; — /320”2 < n for some small enough n > 0 with probability approaching

one, then there exists a constant Cyg > 0 such that with probability approaching one

sup [@i(By;) — af| < Cro/n.
1<i<N

Proof of Lemma A.15. Since with probability approaching one, sup;<;<y ||8g; — /BSQHQ <, we

may proceed our proof assuming sup; <<y ||Bg; — ﬁgo ll2 < n.
By Lemma A.5 and definition of Sy, it follows that

sup sup]ﬁi(ﬂgi,a)—ﬁi(ﬂg?,aﬂ < sup sup|H;(Bg, ) — H( 2?,a)]+QSNT

1<i<N acA

1<i<N a€h
(By Lemma A.5)

IN

By sup |8y, — Bollz + 25
1<i<N v

< Bon+ 2SnT (A.50)

By direct examination and (A.50), one concludes that

Bon +2SyT >

v

v

v

v

v

sup |ﬁl(/65]w a) - ﬁi(ﬁg@: O‘)‘
ach v

| Hi(Bg:: @i(By,)) — Hi( B, @i(By,))|
|Hi(B0. @i(55,)) — Hi(Bgp, 6i(Bgp))| — | Hi(Bg,. @i(Bg,)) — HilBfp, @(B50))|
(By definition of Sy and definition of a;(3))

|Hi(Bo» @i(Bg,)) — Hi( B, @i(B0))| — 28N — !sugfli(ﬁgi, a) — Sugﬁi(ﬁgoa a)l
K3 7 3 ae ae 3

‘Hz(ﬁ(g)?,az(ﬂgz)) - Hl(ﬁg;% al(ﬂ%’))‘ —2S8NT — Sléi ‘ﬁl(ﬁgz? a) - ﬁi(63?7a)|a
(By (A.50))
(B, @4(By,)) — Hi( B, @(8%)| — 4Swr — Ban. (A51)
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taking supremum on both sides of (A.51), we have

sup [Hi(8, 84(8y.)) — Hi(B%, @i(5)| < 2Bon + 65w (4.52)

1<i<N

In the view of (A.52), Lemma A.5, Lemma A.7 and Lemma A.8 , we have

sup |Hi(Byo,07) = Hi(Byo, @i(Bg))| < sup |Hi(Bo, @i(By,)) — Hi(Byo, @i(B))l

1<i<N 1<i<N
+ sup |Hi(Bp, o) — Hi(Bgo, ai(Bjp))]
1<i<N i
< 2Bon+6Syt + B2 sup |ai(B )—a?|
1<i<N
= 2Bon+op(1).

Combining above inequality and Lemma A.14, when Cg > 2Bsn, it follows that

sup 1@:(By;) — | < \/2B2/Con + 0p(1

1<:i<

Therefore, the first result holds with C9 = /2B3/Cy. The proof of second result is almost the

same as that of first one. O

Lemma A.16. Suppose Assumption A1-A3 hold. Furthermore, if G > G°, then for n > 0

small enough , we have the following:
(i) For all B € Ny, {Ay(B,9),9 € [G°]} is a partition of [G] and each Ay(B,g) is non empty
for all g € [GY).
(1) im0y o P D U112 TGHE) # A(812) > 0) =0
(iii) If G = G°, then each Ay (B, g) contains ezactly one element for all g € [G°] and thus A, (B, -)

is a permutation of [G°]. Under this permutation,

im P s s 16.(9) £ ) >0) 0.

(N,T)—00 BEN, 1<i<N

Proof of Lemma A.16. (i) For § € N, by definition, each A, (8, g) is not empty. Moreover, defi-
nition of NV, and A,, shows that UG _ 1Ay (B, 9) = [G]. Now we remain to show that {A,(8,9),9 €
[GY]} is a partition of [G]. Assume there exist some g1 € [G],g1,92 € [GY] such that gip €
Ay (B, 91) NV Ay(B, g2), then by Assumption Al.(d) and for n < do/2 , it follows that

dO < Hﬁgl - 522”2 < H6912 - 621"2 + HBQIQ - 622”2 < 277 < d(),

which is a contradiction.
(ii) By definition of g;(/3), we have for all g € [G] and g € [G]:

I(gi(B) = g) < I(ﬁi(ﬁﬁv a;(Bg)) < Hi(By,a1(8y))),
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Therefore, for any g; € A,(3, g?), it implies that

G
1@Gi(B) & Ay(B,99)) = D I(g & A(B,g))I(G:(B) = 9)
g=1
G
< > g & Ay(B. g0 I(Hi(B5,.:(B5,)) < Hi(By @i(Bg)) = > Wig(B).
g=1 g=1

(A.53)

Since for all B € N, {A4Ay(8,9),9 € [G°]} is a partition of [G]. Therefore, for all g & A,(8,g?),
we have g € A, (8, g?) with g? € [GY] and g? # ¢9. By definition, for small enough 1 and by
Assumption Al.(d), we have

180 = Byllz = 11800 — Beollz = 185 = Beoll = do —n > 0.
7 K3 J J
According to Lemma A.7 and above inequality, it follows that for all 8 € A, and g € A, (5, ),
H;i(Bgo, o)) — Hi(Bg, Gi(Bg)) = x(|do —nl*) (A.54)
On the other hand, by Lemma A.5, for all g; € A, (8, g?), we have

H;(B,0}) — Hi(B5,,6i(85,)) < BallBp — B, ll2 + Balag — ai(55)|
By + Bslo} — &i(6,)|

< Bon+ By sup |of —a;(Bg,)- (A.55)
1<i<N

IN

Next define event Axy = {sup;<;<n [0 — @i(B,)| < Cioy/n}, then P(A%,) = o(1) by Lemma
A.15. To proceed further, choose sufficiently small i such that €, = x(|do —n|?) — Ban—Cioy/n > 0
for all (IV,T) is large enough and this can done by Assumption Al.(c). Hence by (A.54) and (A.55),
for all 8 € NV, and i € [N], on the event Ay, it holds that

Hi(B5,,2i(Bg,)) — Hi(Bg, @i(Byg)) = €n- (A.56)
As a consequence of (A.56), it yields that

Wig(B) = (g & An(B,90)I(Hi(55,

IA
P
Q
W
™
3
|
Q
N
=
=y
IA
=
<
)
=
Q\Q_/
|
jas)
S
)
=
S
|
=
<®
)
=
Q\Q_/
+
=
<
)
=
S

xI(AnT) + I(ANT)
20(e,/2 < sup |Hi(B,0) — Hy(B,a)|) + I(Afr).
BeK,acA

IN

(A.57)
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By Lemma A.7, (A.53) and (A.57), it yields that

P(sup sup I(G:i(B) & Ay(B,gY)) > 0)

BEN, 1<i<N
= P(sup sup I(Gi(B) & Ay(8,97)) > 0.5)
BEN, 1<i<N
G
< P{sup sup W,;,(8)>0.5
gz; {,86/\[,71<1<N 9(B) )
< ZP sup 2I(e,/2 < sup |Hi(B,) — Hy(B,a)|) > 0.25)

1<i<N BeK,ach

+P(I( ) > 0.25)

= ZP sup sup | Hi(B, ) — Hi(B,a)| = €/2) + P(Ajr) = o(1).
1<i<N BeK,acA
(iii) If G = GO, since {Ay(B,9),9 € [G°]} is a partition of [G] = [G°] and each A,(B,g) is
non empty, so A,(3,g) only contains exactly on elements in [G] = [G°]. We are able to define
the permutation A, (S, -) : [G°] — [G"]. Therefore, under this permutation, the second result is a

specially case of first one. Proof completed. O

Lemma A.17. Suppose Assumption A1 and A3 hold. Furthermore, if N = 0(qu/2), then for
any random sequence {Br;,i € [N]} satisfying sup;<;<n ||Bri —BSQ l2 = op(1), the following holds:

N
> [a(Br:) ~ o2/N = Oy sup |87~ Ayl +77)

i=1
Proof of Lemma A.17. By triangular inequality, it can be seen that
sup [Gi(Bri) — | < sup [@i(Brs) — @i(Bp)l + sup [@i(B) — of. (A.58)
1<i<N 1<i<N 1<i<N
In the following, we will bound two terms in (A.58) respectively. For first term, by the definition
of a;(B), we have ZtT 1 gz (Xit, Yit, 8,@i(8)) = 0. By implicit function differential theorem, we

have

04 . a?w e P _
= Xz 7Y; s My Z T Xz 7Y;l s My Gy T.
Therefore, by mean value theorem and Lemma A.3, we have for some s; € [0, 1], it holds that
. oq;
8i(Bri) = @(Byy) = 5 (B + si(Bri — 5p)(Bri — Biy). (A.59)

According to Lemma A.11 and Assumption A3.(b), it yields that

9a; 829

121<pjv o5 ap Oada

01

H(Bg + si(Bri = B)) — BT 0Bda

(Xitantaﬁggaai )] [ (Xitant752??a?)]| = OP(]')'

(A.60)
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Combining (A.59), (A.60) and Lemma A.3, we have

N
> l@i(Bri) — @i(Bp)l*/N < sup [@(Bri) — @i(B0)|” Op(liquHﬁTi —Bpll3).  (A61)

i—1 1<i<N

For second term, by Taylor expansion, for some s; € [0, 1], we have

T
0
- Z %(Xita }/ib 6‘297 azo)/T

= ;[gz (tha Yit, 600; Oéz(ﬁo )) glﬁ (Xit7 Yit, BS?’ a?)]/T
LN
= 1 m(Xiu Yit, 539, af + si(&i(ﬁgg) - a?))/T(&i(ﬁsg) —a). (A.62)
t=

Combing (A.62) and Lemma A.11, it follows that
N 0%y
-> 5g it Yit,ﬁgga @})/T = (Bly 5 Kity Y%t,ﬁgga )] + @(D)@(Bﬁg) —ay),
t=1

where the op(1) is free of i. By Assumption A3.(b), it yields that

~ 20 0 _ 71627/’,,00 811} 0,0 ~ 70 0
az(ﬂgg)—%‘ = (£ [m(th,th,ﬁgg?ai)] 8 (thath,ﬁ 95 @')/T‘FOP(l)(az(ﬁgg)_ai)v

T
= EYRA) Y Rie/T +op(1)(@i(B) —of), (A.63)
=1

where the op(1) is free of i. By Assumption A3.(b), Lemma A.9 and Lemma A.3 , it follows that

| X T 1 o2 Q(qu}/zt,ﬁ 0, ¥ af)
Bl SO IE B Y R/ TP) = 0 S0 B2t (X, Yo 6 o) Ck - P)
=1 t=1 =1
< inf £~ [82¢ (Xlt7YLt7/8 07 ?)]CT?17 (A64)

i>1 dada
where C' > 0 is an universal constant free of i, N, 7. Combining (A.63) and (A.64), we have

N

> lai(B) — af /N = Ox(T ). (A.65)

i=1

Therefore, the desired result follows from (A.61) and (A.65). Proof completed. O
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Lemma A.18. Suppose Assumption A1, A3 hold and N = O(Tq°/2)., then for any g € [GY],

we have following stochastic expansion:

N7 3 S Vi B ) Ui Vi )

T
= NT ZW(XmYEt,ﬁS’Oé?)(Bg— 0)
g

wr 2 () (G v~ Sy

+op([|Bg — Bl2) + op(T71).

Proof. For notational simplicity, we assume Bg is a scalar. Extension to the case when Bg is multi-
dimensional can be easily done by similar technique. By Theorem 2 and Theorem 5, we can see

HBg — B9]l2 = 0p(1). By mean value theorem, it follows that

LZZ Us(Xit, Yie, B> @i(By)) — Us( X, Yia, B2, 02) — Vi(Xir, Vi, B2, 09)(By — B0)

N,T
iigd=g t=1
oU;
- NT Z Z X’Ltyy;,ta ga )(az(ﬂg>_a0)
irg0=g t=1
2N T th,Y;th + Sz(/B /3501)704? + Sz(az(/gg) - a?))(gg - ﬁ2)2
i:gY —gt 1
T A (Xt Vi 8+ 5i(y — B), 00+ 5i(@s(By) — ) By — B)@(By) — o)
i:gd=g =1

QNT > Za 5 (X, Yie, B + 508, = B)), af + si(@i(B,) — af)(@i(By) — o),

iigd=g t=
=T +T2/2—|—T3/2+T4/2,

(A.66)

where s; are some numbers in [0,1]. Next we will bound T3, Ts, T3, Ty respectively. Firstly, by



Lemma A.9 and Lemma A.17, it shows that

ouU;
T = NT ZZ (Xit, Yie, B3, ) (@i (By) — of)

nggt 1
= 59 - )
N T A e
T T
1 1 ~
- N.T Z Z zt(az(ﬁg) 1(B2)) + N.T ZU;[(O‘Z(BS) - O‘?)
97 .00—g t=1 9t L o_ =1
:90=g i:g?=g
= Tn +Tho.

Concerning 7171, by Cauchy’s inequality and notice

Tul* < N2 > IZUZ?/TI2 Z @i(By) — ai(By)1°

9 irg0=g t=1 ixgd=g

= O)(T 0,118, = BlI3):

where the last equality comes from Lemma A.9 and (A.61) in Lemma A.17. For T2, by (A.63) in
Lemma A.17, it holds that

T = B 2 (ZUS/T)(iRﬁ/T)wp(l)xvagnoz (;T;Uﬁ/T)(&i(ﬁS)—a?)

(A.67)

Since by Cauchy’s inequality, Lemma A.9 and (A.65) in Lemma A.17, we have

T
1 o N N
o 3 (Sr) @ - < o SIS Y ) - ol
gi:g?:g t=1 290—9 t=1 i:g0=g

= 0,(T )0 (T 7).

As a consequence, the second term in right side of (A.67) is op(T~1). Therefore, combining above,
it follows that

T T
1 4 . N B ~ B
T = FE 1( i) Z <ZUz‘t/T> <ZRit/T> + Op(|| By — 58||2T 1/2) + o, (T 1)‘ (A.68)
g i:g?:g t=1 t=1

Secondly, by Lemma A.11, we have

82

8[38ﬁ(X2t’YZt’B ,a)]| = op(1).

sup |2868,8 thayztaﬂ +31<5 60) a +Sz(az(ﬁg) ))/T E[

1<i<N —1
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Therefore, by Cauchy’s inequality and Lemma A.3, it follows that

1 -
2l = | > crl(By - 8))

9 i:g0=g
L 6 U 0 > N 0\2
S | Z [8ﬁ8,3(th’Y;t’ﬁ ) z)]‘i'OP(l)‘(ﬁg g)
19 =g
= op(IB; — B)l2). (A.69)

where ¢;p = S, g;gﬁ(Xm Yit, B+ si(8 — 8Y), af + si(as(B) — af)). Similar proof can show that
Ty = op(]|By — BYll2)- (A.70)
Lastly, we will deal with T}. Let

0*U;

d;
r= < Dada

— (X, tha/Bg + Sz(ﬁ 50) O‘ + Sl(az(ﬁg) - ao))/T

By Lemma A.11 , we have

sup |dir — E(U7Y)| = op(1).
1<i<N

As a consequence, by Lemma A.17 we have

T, = NL Z dir(@;(By) — af))?

7 ig0=g
- = 3 (BT +or )@~ ob)?
Ng
= Z )(@i(By) — a?)? + op([|By — B3+ T7Y). (A71)

Now we will establish a bound of (A.71). By Assumption A3.(b) and Lemma A.3, it follows that

sup;>; |E(U{Y)| < co. Furthermore, in the view of (A.61) in Lemma A.17, we have

N 3 BWE@E) o) 3 B @) — o))
9 i:g0=g 9 i:g0=g
< swp B ﬁ%@@-(@)—@(&ﬁ)2+2|ai<z§g>—aiwg)Haz-wg)—a?ﬂ)
i:g0=g
= 0p([1By = Byll2)- (A.72)

Meanwhile, by (A.63) in Lemma A.17, we can show

CVO[ T
N, O BUSIGEH) o) = 30 Gl O R/ won(T). (A7)

Zglig zngg Z t=1




Combining (A.71), (A.73) and (A.73), we have

OéOL T
¥ Z E2 Z Rit/T)? + 0p([|Bg — Bll2) + op(TY), (A.74)

7 ig9=g t=1

The desired result follows from (A.66), (A.68), (A.69), (A.70) and (A.74). Proof completed. [

Lemma A.19. Under Assumption A1, A3 and G < G°, there exists a constant By such that
liminf(MT)_m[\I!N(G?V) — \I/N(HN)] > By > 0.

Proof of Lemma A.19. First we will show that for fixed G < G, the following holds:

— 8%y > dy/2. A.75
grél[%]neng]\lﬁg Bolla = do/ (A.75)

Assume (A.75) fails to hold, then for each g € [GY], thereis a g = o(g) € [G] such that ||B§—52H2 <
do/2, where o : [GY] — [G] is the map defined in (A.1). Since G < G, so for some gy € [G], there
are g1, g2 € [G°] such that o(g1) = o(g2) = go. Hence it follows that

185 — BOll2 < do/2, for i =1,2. (A.76)

By triangular inequality and (A.76), we have |8, — 5, |l2 < do, which leads a contradiction to
Assumption Al.(d). Hence we verify (A.75). By direct examination and (A.75), it follows that

N 2. _ a0 0 -~
2_i=1 185 = Beoll2 S (g = 9)1Bg, — Bl

N N
GO . i~
- S N I(g? = g) minge (g 187 — B2
o N
el . ~
S > g1 Ny minge () 185 — Byl
a N
o maxyeigo) Ny mingerq) [155 — Byll2
o N
min Nyd
> w (A.77)
By (A.77) and Assumption Al.(f), for sufficient large N, it follows that
SN 1B, = 8%l
*— > min 7w,dy/2 > 0. (A.78)

N g€[GY]

For notational simplicity, let eg = minge|goj mgdo/2 > 0. By (A.78) and Lemma A.4, we can see
that

Jiminf ((0%) = Un(Bn)] > Srx(ed/8) >

Therefore, the results follow with By = eox(€3/8)/(2R). O
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Lemma A.20. Let v be a constant such that 0 < v < Suppose Assumptions A1-A3

2(1+d)
hold and G > G°. Furthermore, if log N = O(T(ﬁﬂ')d), then

N

> (155 = Bpll3 + |@; = af?)/N = 0, (T ™) .

i=1
Proof of Lemma A.20. For notational simplicity, define dy (0x,0%) = SN (184 — 529 13 + | —
a?|2)/N and Ay = {0n € On : sup;;<n([|Bg; — BS?H% + |a; — a?P) < C’%} By Lémma A.15
and Theorem 2, we have JN@N,H?\,) = op(1) and lim(y 7)o P(§N € Ay) = 1. Let vy be an
increasing sequence of positive number and define Sy ; = {y € On : 20—l < TNT&VN(HN, G?V) <
21N An. If TNTJN(§N7 99\,) > 2F for a some sufficient large integer k, then §N is in one of the set
Sn,; for some j > k. So it follows that, for all n > 0

P(TNTJN(é\N,Q?V) > 2k,§N € AN) < Z P( sup {@N(HN) — (I}N(Q?V)] > 0)

J>k2<gryr S ONESNG

+P(dn(On,0%) > ). (A.79)

The second term in right side of (A.79) is o(1) by argument above. Now we will handle the first
summation. Notice if O € Sy ;, and choosing sufficiently small 7 , we have d, N(On, 9?\,) <n. As
a consequence, by Lemma A.13, it holds for all O € Sy ; that

C
N(ER) — TNy > <||/a’gl B3+ lai — o)

i=1
CGJN(QNa o)
C627~trigh. (A.80)

AV

In the view of (A.80), it follows that

P( sup [Un(0n) — Tn(6R)] > 0)

ONESN,;

P( sup [Un(0n) — Un(On) — Un(0%) + On(6%)] > Ce2rylh)
GNESN,]'

IA

IA

2P( sup [Tn(0n) — Un(On)| > Ce20~trgh)
ONESN,;

2P( sup [Un(0y) — Un(0n)| > Ce2 1yl
ONEON

IN

< 2P< sup  sup |Hi(B,e) — Hi(8,0)

1<i<N (8,0)EKxA

> 062j1r]—vlT>. (A.81)

Next we will establish a bound of (A.81). By Lemma A.7, (A.81) and replacing ry7 by CsT" /6,



then for large k that 45=1/C5 > e — 1, we have

> P< sup [‘T’N(QN) - @N(a%)] > 0)

ik 2i<gryr  SONESNG

< 2 Z P< sup  sup  |Hi(B, o) — Hy(8,a)| > 062j1r&1T>
iskaienry  \ISISN (B0)eKxA
< 2 Z P< sup  sup  |Hi(B, o) — Hy(B,a)| > 6 x 2k_1T_”>
iskaienry  \ISISN (B0)eKxA
< 2C’4]\7 IOg(UTV)[ <T 2 p+2)u):|
T1-d—2v\ —T¢ /4 exp(—CsdT?1—¥))
T 2 CyT0-) 3
X [( + s ) exp ( 3 + = exp(—ngTd(l—V))
. T2 p+2
< 2C4N log(nT )[14— <22 20T )}
1 1
P gk T a1 —CadT(Tra—dg(k—1)d
X |:<1 + C) + 8 exXp ( - CST( 1id V)d2(k_1)d> + eXP( 2 (L, Yd ) :|
5 1 — exp(—CsdT T+a ~)*2(k=1)d)
, T2(p+2)
(tra—)do(k—1)d
X [exp <—Tlid/4> + gexp < - CgT(li‘i_V)dQ(k_l)d> + xp(~Cadl 1+d1 ) ]
d 1— exp(—ngT(m_V)dQ(k_l)d)
= o(1). (A.82)
Therefore, the desired result follows from (A.79), (A.81), (A.82) and the fact that P(@N € An) —
1. O

Lemma A.21. Suppose Assumption Al, A3 hold and G > G°. Furthermore, if log N —
d
o(T2(+4)), then
T(0 = 1
(W (On) — Un(0)| = Op(T™ 205,

Proof of Lemma A.21. By direct examination and Assumption Al.(e), it yields that

Lo Q(Xiw, Vi)~ _
T (Oy) — Tn(3)] < ZEH i) 1B 12 4 6 — a9

N T 2 N
1 21 Q( X, Yir) 1 .
JNZ( Lt )JNZ@% 515 + s — aff?)
i=1 —

(A.83)

1
The first second factor in right side of (A.83) is Op(T" 2(+4 ) by Lemma A.20 with v = m.
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Next we will bound the first factor. By direct examination, we have

EKZtTle(ﬂXint))T < 2E[(Z?1[Q(Xitayit)TE(Q(Xit,Yit))})Q]

+2E[Q(Xin, Vi) (A.84)

Utilizing Assumption Al.(b), Al.(e) and Lemma A.9, the right side of (A.84) is uniformly bounded

for all i > 1. As a consequence, we obtaine the desired result. ]
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